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56 Distributions of Random Variables [Ch. 1

and

Esexp [t(M)]} = e“‘""M(é): —ho <t < ho.

g

1.90. Show that the moment-generating function of the random variable
X having the p.d.f. f@) =% -1 <z <2, zero elsewhere, is

e* — gt
3t

5 t=0.

M) = s 1 #£0,

=1

1.91. Let X be a random variable such that E[(X — 3)?] exists for all
real &. Show that E[(X — b)7] is a minimum when % = E(X).

1.92. Let f(z,, Tp) = 22,,0 < % <1,0< 2z, <1, zero elsewhere, be the
p-d.f. of X, and X,. Compute EX, + X,) and E{[X, + X, — EX, + X,5)1%.

1.93. Let X denote a random variable for which E| [(X — a)7] exists. Give
an example of a distribution of a discrete type such that this expectation is
zero. Such a distribution is called a degenerate distribution.

1.94. Let X be a random variable such that K(f) = E (t*) exists for all
real values of ¢ in a certain open interval that includes the point ¢ =
Show that K™(1) is equal to the mth factorial moment EX(X — 1)--.
X —m+ 1)].

1.95. Let X be a random variable. If m is a positive integer, the expecta-
tion E[(X — &)™, if it exists, is called the mth moment of the distribution
about the point 5. Let the first, second, and third moments of the distribution
about the point 7 be 3, 11, and 15, respectively. Determine the mean p of X
and then find the first, second, and third moments of the distribution about
the point p.

1.96. Let X be a random variable such that R(f) = E(e4X-) exists for
—h <t < h. If mis a positive integer, show that R™(0) is equal to the mth
moment of the distribution about the point 5.

1.97. Let X be a random variable with mean p and variance o2 such that
the third moment E[(X — 1)®] about the vertical line through u exists. The
value of the ratio E[(X — p)?]/e® is often used as a measure of skewness.
Graph each of the following probability density functions and show that this
measure is negative, zero, and positive for these respective distributions
(said to be skewed to the left, not skewed, and skewed to the right, re-
spectively).

@f@=@E+1)2 -1<z< 1, zero elsewhere.

®)f@ =1 —-1<z< 1, zero elsewhere.

() flo) = (1 — 7)/2, —1 < z < 1, zero elsewhere.



