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CHAPTER SIX

SEARCHING

Le¥s fook at the record.
—AL SMITH (1528

This chapter might have been given the more pretentious title, *Storage and
Retrieval of Information”; on the other hand, It might simply have been ealicd
“Table Look-Up.” We are converned with the process of collecting information
in & compuber’s memory, and with the sabseguent recovery of that informa-
tion a8 quickly 28 possible. Sometimes we ars eonfronted with more data than
we can Teally use, and it may be wisest to forget and fo destroy most of 1t; but
at other times it is important to retain and organize the gven Taels in sueh a
way that fast relzieval is posvible,

Most of this shapter is devobod to the study 0f o very simple search Problem:
how fo fnd the data that has been stored with a given identification, For
example, In o mumerical application we Mmight want to find flz), given » and a
table of the values of f; in & Donnumerical application, we might want to find
the English translabion of a given Russian word.

In general, we shall suppose that o set of N records bas been stored, and the
preblem iz Lo Iooate the appropriste one. As in the case of serting, we assume
thut saeh rocord ineludes 2 epecial feld called s key, perhaps becstse many
people spend s much time every day searching for their keys. We generally
reqguirs the N keys to be distinet, 20 that each key uniquely identifies its record.
The collection of all records is called a falle or & file, where the word “able” is
wsuaily used to indicate a small file, and “Ale” is waally used to indicata a
iarge table. A large file or 2 group of files is frequently ealled a dafa base.

Algorithros for searching are presented with a so-called argument, K, and
the problem is to find whick record hss K as ifs key.  After the search is com-
plete, two posubilities san ariss: Bither the search was successfud, having located
the unigue record eontaining K, or it was wnsuecessful, having determined tha$
Kis nowhere $0 be found. Afier an unsuecessful seareh it is sometimes desirabie
to enter a new record, containing K, into the table; 2 methed which does this
is called & “search and msertion” slgorithm. Some bardware deviees known as
“sancoiative meroories” selva the search problem automatically, in » way that
resembles the Mapotioning of s haman brain; but we shall study techniques for
fearching on a sonventinnal genaral-nurpose digital computer,
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200 STARCHING @

Although the goal of searching is to lind the informabion stored in the
revord assoclated with K, the algorithme in this chapter generslly igrore every. .
thing but the ke¥s themselves. Io practice we can find the associsted daty
cnee we have located K for example, ¥ K appears in location TABLE -+ i, the
assccisted data (or a pointer to it} might be in location TABLE -7 -+ 1, or in
DATA -~ £, adc, T4 is herefore eanvenient bo gloss over the details of what shauld
be dons after & has been sucesssfully found.

Searching is the most bme-consuming part of many programs, and the
substitution of & good search method for & bad one often leads to o substantial
incresse in speed. In fact it is often possible to arrange the dats or the daty
strueture 50 that searching is eliminated entirely, i.2., so that we slways know
just where to find the nformation we need. Linked memeory is a common way
to achieve this; for example, s doubly-linked list mskes 1t unnecessary {0 search
for the predacessor or successtr of a given Hera, Another way fo avoid ssupching
oceurs i we are sllowed fo shooss the Loys freely, sines we might as well lat
them be the numbers {1, 2,..., ¥}; then the record containing K can simply
be placed in loention TABLE + K. Both of these technigques were used to eliminate
searehing from the topolegical serting algorithm discussed in Section 2.2.3,
However, there are many eases when s search iz necessary (for example, if the
objests in the fopological sorting algorithm had been given symbolic names
instead of numbers), so it is mportant to have sfficient algorithms for searching.

Searci methods might be classified in severs! ways. We might divide tham
into internal vs. external searching, just e wo divided the sorting slgorithma
of Chapter 5 info Internal vs. exfernal sorting. Or we might divide search
methods Into static v, dynamie searshing, where “sfabic” means that the
sontenty of the table are esseniially unchanging {so that i is important to
meinimise the search time without regard for the fime required fo set up the
table), and “dynamic” mesns that the table is subject to frequent ingertions
{and perhaps ale deletiops). A third possible scheme is o classify search
mobhods aeeording to whether they are based on comparisons hetween kevs or
on digital properties of the keys, analogous to the distineiion between soriing
by eormparison and sorting by distribution. Finally we might divide searching
into those methods which use the actual keys and those which work with
tranaformed keys. ’

The organization of this chapter is essentislly 2 sombination of the latter
two modes of classification. Seetion 6.1 considers “brate foree” segusntial
methods of search, then Section 6.2 discusses the mnprovements which can be
made baged on eomparisons betwean keys, using alphabetie or numarie order
%o govern the deeisions. Seotion 6.3 trests digital zearching, and Sechien 5.4
digcusses an important clase of methods called hashing techniques, based on
arithmetic trapsformations of the actual keys. Bach of thess sections treats
bath internel and external searching, In both the static zird the dynamic zase;
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& HEARCHING 38

and esch sechion points out the relative sdvanteges and dissdventages of the
various algorithms.

"There I a certain amount of interaction hetween searching and sorting.
For example, consider the following preblem:

Chven two sets of numbers, 4 = {ay, gy, .. ., 6} and
B {b, b, ..., bn}, determine whether or not 4 & 8.

Three solutions suggest themselves, namely

1. Compagre each #; sequentially with the b/s unti} fnding a match.

2. Euter the /s in a table, then search for each of the ;.

3. Bort the o'z and b's, then make one sequential pass through both files,
checking the appropriate condition,

Each of these solutions is attractive for a different range of values of m and n.
Bstulon 1 will take roughly cymn units of time, for some tonstant &;, and
solution 3 will take about ts{m logy m -+ wlogs n) units, for some {larger)
sonstant ca.  With 8 suitable hashing methed, solution 2 will take roaghly
eym - cgn units of time, for some (sl larger) constants o3 and o4 It follows
that solation 1 is good for very small m and »n, but solubion 3 soon becomes
batter a3 m and » grow larger. Eventually solutien 2 beeomes Dreferabie, until
7 sxceeds the internal memory size; then solution 3 iz ususlly again supsrior
until s gets much Iarger still. Thus we have » situation where sorting is some-
timas 2 good substitute for searching, and searching is sometimes a govd sub-
stitute for sorting. :

More complionted search problems can aften be vedueed to the simpler
ease considered here. For example, suppose that the keys wre words which
might be slightly misspelled; we might want t¢ find the correct record in spite
of this error. I we make two copies of the fle, one in which the keys are in
riormal alphabetic order and ancther in which they are ordered from right to
lefs {as if the words were spelied backwards), & misspelied search argument will
probably agree up fo half or more of ils length with an entry in one of these
two files. The search metheds of Seetions 6.2 and 6.3 can therefore be adapted
1o find the key that was probably intended.

A velated problem has received sonsiderable attention in connection with
airline reservation gystems, and in other applications involving people’s names
when there is a good chance that the name will he misspelied due to poor hand-
writing or voics tranamission. The goal 13 to transform the argument into some
code that tends to bring together all varianis of the same name. The fellowing
“Boundex” method, which was oviginally developed by Margaret K. Odell and
Robert €. Russell {of. /.8, Patents 1261167 {1018}, 1435083 (1522}], has often
bean ssed for encoding surnames:

S—
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392 SEARCHING &

. Retain the firet letter of the name, and drop all sscurrences of &, ¢ h, |, 6, 4,
w, ¥ in obher pesitiens,

2. Assign the following numbers to the remaining letiers after the first:

b p, vl [ -4
_crg:i)kr%syx;Zm}E my, 1 -r §
d, b - 3 rT—= 8

a4, i two or more lefters with the same code were adjacent in the original name
{(before step 1), omit all but the frst.

4. Convert o the form “letter, digit, dight, digit” by adding teailling zeros (i
there ara less than three digits), or by dropping rightmost digits {if there sre
more than thres).

For example, the names Euler, Ganss, Hilberl, Kuuth, Lioyd, and Lakasiewiss
have the respestive codes £460, G200, H416, K330, Laos, 1222, Of course this
system will bring together names that ars somewhat different, ag well ns names
that sre stmilar; the same six codes would be obisined for Ellery, Ghosh,
Heilbronn, Kant, Ladd, and Lissajous. And on the other hand = few related
names like Regers and Rodgers, or Binelalr and St, Clair, or Tchehysheff and
{Chebyshev, remaln separate. Bub by aod large the Boundex code groagly
inerenses the chance of finding & name iz one of its disguises. [Far further
information, of, . P. Bourne and D). ¥. Ford, JACH 8 {1981}, 538-552; Leon
Davidson, CACM § {1962}, 189-171; Faderal Population Censwses 1760-18%0
{Washington, D.C.: National Archives, 1971}, 80.]

When using s scheme like Soundex, we nsed not give up the sssumption
shat all keys are distined; we can make lists of all records with equivalent codes,
treating each list as a unit.

Large data bases tend to make the retrievsl process more complex, since
people often want to consider many different fields of each record as pofentisl
keys, with the ability to locate Herns when only part of the key information is
specified. For example, given a large file shout stage performers, a producer
might wish to find all unemploved actresses hetweon 28 and 30 with daneing
talent and a Frenech accent; given s large file of haseball statistics, & sporis-
writer may wish to determine the tofal number of runs scored by the Cineinnati
Redlegs in 1964, during the seventh inning of night games, against lefthanded
pitchers. Given alarge file of data ahous anything, people fike ta a8k arbitrarily
eomplicated cuestions. Indeed, we might consider an entire Lbrary as a data
base, and s searcher may wanl to find sverything that has been published about
information retrievel. An introduction fo the techniques for such mulii-atiribute
refreeval problems appears below in Seotion 6.5,

Before entering into a detailed study of searching, it may be helpful o pud
things tn historical perspective. During the pre-computer ers, many hooks of
togarithm fables, frigonometry tables, ste., were compiled, so that mathe-
maticnl ealoulations could be replaced by searching. Evenfuslly these fables
were transferred 10 punched eards, and used for scientific problems in conneetion
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6.1 SRQUENTIAL SmARCHING a3

with nellators, sorters, and duplieating puneh machines. But when stored-
program eomputers were infreduced, 6 soon beeame apparent that it was now
ehesper {o recompute log 7 or eos ¢ cach time, instead of locking up the answer
in a takde.

Although the problem of sorting received considerable attention skeady in
the esrliest daye of computers, comparatively little was done sbout algorithms
for searching. With small internal mermories, and with nobhing but sequential
media like tapes for storing large files, searching was either trivially easy or
ahnost 1mpossible,

But the development of larger sad Inrger random-acoess memories during
the 195('s eventually led io the recognition that sesrching was an inieresting
problem in 1% ewn right. Affer years of complaining about the Hmited amounts
of space in the early machines, programmers were suddenly confronted with
larger amounts of memory than they knew how to use effielontly.

The first aurveys of the searching problem were published by A. 1. Dumey,
Computers & Aulomation 5, 12 (December 1956), 6-9; W. W. Peferson, IBM
J. Resenrch & Development 3 {1857), 130-146; A. D. Booth, nformation end
Control 1{1958), 150-184; A. 8, Donglas, Comp. J. 2 {1959}, 1-8. More axtensive
trestments wers given later by Kenneth E. Iverson, 4 Programming Languaye
{New Yarlk: Wilsy, 1062), 133158, and by Werner Buehhols, IRM Sysfems J.
2 {19633, 86111,

Thuring the sarly 1960Fs, a number of interasting new search procedures
based on tres structures wers introduced, as we shall see; and research shoui
searching is still sctively conbinving ai the preseng time.

6.1, SEQUENTIAL SEARCHING

“Begin at the beginning, and go on till you find the right key: then stop.” This
sequential procedurs is the obvicus way to search, snd it makes a useful starting
point for our discussion OF searching hecause many of the more intricate algo.
rithms are based on it. We shall see that sequential senrching involves some
very interesting ideas, in spite of s mmplicity.

The algorithen might be fonmulated more precisely as follows:

Algorithm 8 (Seguentin! search). Given » fable of records Ey, Bs ..., &y,
whose respeetive keye are K, Ky, . .., K, this algorithm searches {or » given
srgument K. We pssumne that ¥ 2 1.

S1. [uitislize] Set ¢ L.
52, [Compare] If K = Ky, the algorithm terminates snecessfully,
83, [Advancs.] Incresse < by L.

84, [Bnd of file?] TF{ € N, go back to B2 Otherwise the algorithm terminates
unsuesesafully. 4
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394 SEARCIIING .1

l

31, Initislize ,(sz. Uompmg}i}& 8. Advawos |

SURCESR FATLURE
Fig. 1. Sequential searvch,

Note that this algovithm osn terminate in two different ways, succossfully
{(having lonated the desired key) or nnsuccessfully (having estahlished that the
given argument is not present in the tapls). The same will'be true of most alher
slgorithms in this chapter.

A WIZ program can be written down nmediately:

Program § {Seguentiol seerch). Assume that K; appears in location REY -+ o
ane that the remainder of record B. appesrs in lovation THFE - 4. The following
programouses tA = K, rll=1¢ - N,

434 START ma H i 87, Inittalize,

ng ENTL 1M 1 r— 1,

0§ 24 OMPA  KEYHN.1 " 82, Compare.

04 JE SUCCESS . Bt 6 & = Ko
05 mNer 1 e § 88, Adwanee.

08 JINP 2B C—8 84 Bndof flet

il FAILURE ERUF =+ P— 3 Bxit i not m table.

At Iosation SUCCESS, the instruetion “LD4 INF+N.1” wall now bring the desired
information into rA. |\

The analysis of this program is streightforward; it shows that the running
time of Algorithm 3 depends on two thinge,

¢ = the mumber of key comparisons;
& = L if successful) O H unsuccessiul;

L

Program 8 takes 5C — 28 4 8 units of time. I the search suceessfully finds
K as K, we have C == 4, § == 1; henee the fotal time Is (60 + e On the
other hand if the search iz unsuesensful, we have O = N, 8§ = §, for & tolal
time of (3N -+ 8u. If every input key ocours with equal probability, the average
value of £ in a successful search will be

142+ ---+N N+1, @)
N 200
the standard deviation is, of eourse, rather large, about 0.239N {(see axercise 1).
The above algorithm is surely familiar to all programmers, Bub too few
paosle know that 1% s not always the right way to do a sequential search! A
straightforward change mukes the algorithm faster, unless the list of records
i quite short:
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6.1 SRGUENTIAL SEARCHING 385

Algorithm Q {Quick sequemiiul search}. This algerithm iz the same a5 Algorithm

8, except thai i sssumes the presence of o “durnmy” record Ey g ot the end

of the file. ’

O, [Initialize ] Set ¢+ 1, and set Knyy o K

¢z, [Compere.] T K == K., go to 4.

Q3. [Advanee] Increase £ by 1 and return fo Q2.

Q4. {End of ale?] If { £ N, the slgorithm terroinates suceessfully; otherwise
it terminates unsuceessfully (¥ = N -+ 1), §

Program © (Queick segueniiol search), o = K, rll =4 — N,

01 START LA X 1 o1, Iavitalize,

oz STA  HEY+N+1 1 Buyr e K.

o5 BT =N 1 % e 0,

174 NGy 1 O ] o 8 0%, Advancs.

3 CMPA  KEYHK,1 C+1—8§8 3, Compare.

o6 JHE %3 Oub ] e 8 Tol2d K, »m L.

or JINP  BUCCHSS 1 €44, End of file?

0§ PATLURE BQU = e ¥ Exit ¥ not in table, §

In terms of the quantities ¢ and § in the analysis of FProgram 8, the running
time has decressed to {(4C — 48 4 10}u; this is an improvement whenever
! > 6in a successiul search, and it is an Improvement whenever N 2 8 in an
unsuscsssful seavch.

The transtiion from Algorithm 8 to Algorithm § makes we of an important
“specd-up” principle: When an inner Joop of & program tests two o more
conditions, an attempt should be made to reduce # to just one condition,

Annther tachnigque will make Program sl {aster.

Program € {{(Juicker sequentinl soarch)., th s K il =4 - N,

i} STERT T 1 §1. Initialsze.

oz ETA  KEVHi+1 1 Koy e K.

03 ENTL -1-N 1 § dor ek

a5 mer 2 COLE - 8 23/2] Q8. ddeance. {twice)
o CHPA  KEY+N 1 L — 8-+ 2/2) Q2 Compore,

o8 JE . 4F e — S+m/2) Toled K = K
oy GHPA  EEY+N+1,1 O — 84 13/21 38, Compars, (next}
08 JNE 3B L0 8 13/81 To Q3K # B
o8 INCL 1 (€ — B mod 2 Advanee €.

beL A JINP  SUCCRSS 1 Q4. End of flef

11 FAILIRE EQU = P8 fxit i notintable. §

The inner loop has besn duplicaged ; this aveids about half of the 1 +— £ 4+ 17
instructians, so it reduces the vunning fimes to

850 — 358 4 10 -+ @“%M
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3945 SRARCHING 6.1

units. We have saved 30 percent of the running time of Program 8, when large
tables are being searched; many existing programs can be lroproved in this way,

A slight variation of the slgorithm I8 appropriate if we kmow that the keys
are in increasing order:

Algorithm T (Segueniial search tn ordered lobie). Given s table of records
By, By, ..., By whose lkeya are in incressing order K; < Ky < -+ < Ky,
this algorithm searclies for a given argument K. For convenience and speed,
the algorithm sssumes that there is o dummy record By whose key vahwe is
Enyiqg = w0 > K

FL. (Enitialize] Seiz« 1.

£2, {Compare] If K < K,, go to T4

T3. [Advence.] Ineresse 4 by 1 and reburn to T2,

T [Egquality??} H K = K, the slgorithm terminates sucesssfully. Otherwise
it terminates unsuccesafully. §

If all foput keys are equally lkely, this algorithre tskes essentially the
saine average time as Algorithm G, for a sucesssful semrch.  But unsguceessfal
ssarches are performed about twice a8 fast, ginee the absence of a rsoord can
be establiched more quickly.

Hach of the above algorithms uses subseripls to denote the table entries.
Tt iz eonvenient to deseribe the methods in terms of thess subseripie, but the
same search procedures can be used for tables which have a linked representation,
since the data is belng traversed sequentially. (See exercises 3, 3, and 4}

Frequeasy of secess. 3o far we have been sssuming that every argument ocours
a8 often ag svery other. This iz not always a realistic sssumption; in o general
situation, key £ will seoar with probability pe, where gy - po b - - - b py = L
The time required to do a suceessful search is essentially propertional 1o the
pumber of comparisons, C, which now has the average value

On = p1+2ps+ -+ Npw. {3}

If we have the option of putting the records into the table in anv desired order,
this quantity Cy is smallest when

M P2 2 pw )

i.e., when the most frequently used records appear nesr the beginning.

Let's Jook at several probability distributions, in order to see how much
of g saving is possibie when the recerds are arranged in the “oplimal” manner
specified in (). If 2y = po == - = py = L/N, formula (3) reduces to
Tn = (N - 1)/2; we bave already derived ihis in Fq. (2). Suppose, on the
other hand, that

1 1
Pt By =gpmye PN gpes D)

B

’ Pz =

|1

Py =

GN 005635




6.1 SEGUENTIAL SEARCHING a7

Then by exercise 7, O == 2 — 217%, the average number of comparisons is
less than fwo, for ihis distribution, i the records appesr in the proper order
within the table.

Another probability distribution that suggests itself is

’plngﬂ, }33“—‘“(}\!“1}5, Ly mm €,
where
6= 2/N{N + 1) )

This “wedge-shaped” distribution is not as dramatie 5 departure from uniformity
ag (5). In this ease we find
. N4+2
Oy=2e 3, B-(N+1—k)= P N

1SRS W

the optireum arrangement saves about one-third of the search time which would
hiave been obtained if the records had appeared in random order.

(f course the probability distributions in (5) and (6} sre rather artificial,
and they may never bs & very good approximation fo reality. A mere typieal
distribution is “Zipf's law,”

pyo= e/l pe o= o2, L., py o= /N, whereo— I/Hy. (8}

"Fhis distribation was formulated by G. K. Zipf, who observed that the nih
most Sonoe word in natural language text seems fo ocour with o frequency
inversely proportionsl to n. [Humaen Behavior and the Principle of Leust Effort,
an Introduction lo Hamoen Eeology (Reading, Mass.: Addison-Wesley, 1948) |
Hs observed the rame phenomenon in census tablos, when metropolitan arens
are ranked in order of decreasing population, If Zipf's law governs the frequeney
of the keys in a table, we have immediately

Cuw = N/Hy; {9

searching such & file i sbout & la NV times as fast as sesrching the zame fla
with randemiv-ordered records. [Cf A 1. Booth ef al., Mechanival Resoluiion
of Languistic Problems {New York: Academis Fress, 1958), 78.]

Another approximstion to realistie distributions is the “B8.26" rule of
thumb thaé has been eommonty observed in commercisl applications fof. W. P
Helsing, JBM Swalems J. 2 (3963}, 114-113). This rule states that 80 percent
of the transastions deal with the most active 20 percent of a file; sud the same
applies to this 20 percent, 5o that 64 percent of sthe transaetions desl with the
most active 4 percant, ate. In other words,

p]+pg+...+p.z{m - ] " ;
Pi+ Pz - By A+ D .80, ot sl 7. (1)
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308 SEARCHING 6.1

One distribution which satisfies this rule exaetly whenever » is 2 mulsiple of 5 iy

pr=c pr= (2 — Do, pam (3 — P, .., py= (W~ (N — D),
(11}
where
et g 8O
o= /N, e Tog 20~ 01685, (12)

since py - Py b b Pw = o’ for all 7 in this case. Tt is not sspecially easy
to work with the probabilities in {11); we have, however, 0¥ — (n — 1V =
62"~ H1 + O(1/n}), 80 there s a simpler distribution whieh mpproximately
folfills the 8030 rule, namesly

py = /11 py e /2 py o= g/NPTP, where g o UH;;""&. {13

Here 8 == log .80/log .20 as befors, and EY is the N'th harmonie number of
order 8, namely 17 4 277 b .. - - N7 Note that thie probability distribu-
tlon i very similar fo that of Zipfs law (8); as # varies from 1 60 0, the prob-
abillties vary from a uniform digtribution to a Zipfan one. (Indeed, Zipf found
that 4 = & in the distribusion of personal income.), Applying (3) to {13} yields

Ty = HE /R = 2 o™ ~ 01208 (14)
a8 the mean number of compsrisons for the 80-20 law {see exercize 8).
A gtudy of word frequencies carried out by B, 8 Schwartz fsee the inferast-
ing graph on p. 422 of JACH 10 (1068)] suggests that a more appropriate
substitute for Zipf's law ig

Pr= o/ g m 0/2M Yy e o/NYH where 5= LAY, (15)

for u szl posifive value of 4. {Cf, with (13); the sign of ¢ hss been reversed.]
In this case

Tw == BP/HITT = NV — e+ o)+ O, ()
which is substantialiy smaller than (9 aa N — =,

A “self-organizing® file. The above calonlations with probahilities ave very
nice, but in most cases we don’t kuow what the probabilities nre.  'We could keep
a count in each record of how often it has been accessed, reallscating the records
on the basiy of these counts; the formulas derived sbove suggest that thiz
procedure wounld often lead to o worthwhile savings, Bug we probubly don’t
want to devote so much memory space to the eount fields, since we can maks
beiter use of thet memory (e.g by using nonssquential search teshnigues
which are explained later in this chapter),

A simple scheme, which has heen in use for many years aithough its origin
is unknown, ean be used fo keep the records in a prelty good order without
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Wl SEQUENTIAL SEARCHING 3048

axiliary vount fields: Whenever a record has besn sucresslully loeated, #t i
noved o the beginning of the table.

The idea behind thiz “self-organizing” fechnicue i that the ofi-used Htems
i} tend 10 be loasted fairly near the beginning of the table, when we need
hem. I we sssume that the N keys ceeur with respective probabilities
‘pi, P, - - -2 Pat, with cach search being completely dadependent of previaus
earches, it can he shown thet the average number of comparisons needed to
ind an item in such a self-organieing file tends to the limiting value

Tw=112 ¥ Jﬁ@mé+ BB an
1<iesen PO P oy PR

See exereine 11.) For example, if p; =~ 1/N for 1 < 4 € N, the self-organising
able i always in completely random order, and this formula redutes fo the
‘amiliar expression (N -+ 13/2 derived above. In general, the average pumber
A7 of comparisons is always less than twice the optimaal value (3}, since
Tw S 1R 2T cgenf - Uy < 2 Dasieviivs

Let us see how well the self-organizing procedurs works when the key
srobabilistes obey Zipfs law (), We have

te-le T D 1

i
el ofi ;
1S 1ISN i+ o/ 1SS

LI

i

St T (Hvw—Hi=ghe I Hie2 Y OH

1S{EN RS RN LEiEN
s b (2N - Dl ey — 2N — N -+ 13y + 2N)
o F - oW In g — In N -+ (1)) = 2N/ logg N, {18}

by Tgs. 1.2.7-8, & This is snbstantially better than 2V, when N is reasonably
large, and it s only about ln 4 == 1.2%6 times a8 meny comparisens as would be
shtaingd in the optimum arrangement {cf. 93

Computational experiments involving actual eompiler gymbo! tables indicate
that the self-orpanizing methed works gven bebter than the above formulas
predicet, because successive searches are not independent (small groups of keys
tend o ceeur in bunches).

This self-organizing schome was first analyzed by John MoCabe [Operaiions
Rezearch 15 {1965}, 800-818], who established (17). See (&, Schay, Jr., snd F W,
Daver, STAM J. Appl. Moth. 15 [1967), 874-888, for related results.

MeCabe slso introduced another interesting schemes, undar which each
successfully loested key that is not slready st the begimning of the table is
simply nlerchanged with the preceding key, instesd of being moved all the way
o the frond. He conjectured that the limiting average sesreh fime for this
mathad, assuming independent seavches, never exceeds (17). Honald L. Rivest
ter proved in fzet that the iranzpesition metbhod ssvmptotically vses strieily

fewer comparisons than the move-to.first method, axcept of course whan N £ 2 7

or when el the monsaro probabilities are equnl. [To appear.]

R R T
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400 BRARCHING 8.1

‘Tape searching with unegual-length records. Now lat’s give the problem stil]
snother twist: Suppose the table we are searching is stored on tape, and the
individual records have varying lengtha.  For example, in an old-fashioned
operating system, the “system lbrary tape” was such s file; standard system
programs sueh ps compilers, assemblers, loading routines, report generators, ele.
were the “records” on this tape, and most wser jobs would start by searching
down the tape until the appropriate routing had been input. This setup makes
our previous analysis of Algorithm 8 napplieabls, since step 33 fakes a variuble
amount of fime sach time we reach it. The number of comparisons is therefors
not the only crifenion of interest,

Let Ly be the length of record By, and lot p; be the probability that this
record will be sought, The running thne of the search method will now be
approximately propartional to

pala +pldy + Lgy 4o - L pp(ly + Ly b Lo ok Loy (18)
When Ly == Ly = - -« = Ly = 1, this reduees 0 (3), the case already studied,
1t seerms logieal to pul the most freguently-needad records at ths beginning
of the tape; bul this is sometimes a bad idea! For example, sssums that the
tape contains just two programs, 4 and B; 4 is needed twice as often as &,
but it is four times as long. Thus, N=2,pa= &, Ly =4, pp = &, Lg = 1.
If we place A first on tape, acoording to the “logical™ principle stated above,
the average ruuning time is -4 -+ 45 == 4% but f we use an “HHogical®
wea, ylacing B first, the average running time isreduced o -1 4§+ 5 = A%,
The optimum arrangement of programs on a library $ape may be determined
az follows, ’

Theorem 5. Let Li and py be as defined abave. The arrengement af records tn the
table 48 optiveal &f and only if

Sy 2 opefly 2 2 onwlha {20}
In other words, the minimum valuz of

.T}G]Lﬂ; + pﬂz(Liu “éw Lﬂrz} e + pa_y(‘?Jal wé’“ e mé“ Lay)r

over all permutabions a; gy .. ay of {1, 2,.. ., N}, is equal to {15 if and
only i {20} holds,
Prosf. Suppose that Ry and Ry nre interchanged on the fape; the cost (19}
changes from

sy o R Loy b B ety b L) b
'"‘?"29{4—1031"'1“"'“'?—14(“1+Lx‘»§«1}“§’“l‘?\'{%:*§*"‘“:“"Lz‘«}«l)"%“"';

& net change of puluiy — popilie. Therefore if pofLe < peg1/Lisy, such an
interchange will improvs the running time, and the given arrangement is not
optimal. 1t follows that {20) holds in any eptimal arrangement.

Conversely, assume that {20} holde; we peed o prove that the arrangsment
iz optimal. The argument just given shows that the arrangement iz “locally
optimal” in the senss that adiacent interehanges make no improvement; but

o
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8.1 BREGUENTIAL SEARCHING 401

there may conceivably he a long, complicated sequenes of interchangss which
leads to a betder “globa! optimum.” We shall consider two proofs, one which,
uses computer scienge and one which uses a mathematical trick.

First proof. Assume that (20} holds. We know that any permutation of the -

resords ean be “sorted” into the order B: Ko ... By by using o sequence of
interchanges of sdjacent records. Each of these interchanges replaces . | H 8. ..
by ... RBdt;. .. for some ¢ < 7, 5o it deersagses the search time by the non-
negative amount pily; — pile.  Therefors the order B B; .. . Exy must have
minimuin search time.

Sevond proof. Replaoce each probability p; by
PelE) = B+ € — (€ & oo N, 1)

where € is an extremely small positive number. When ¢ is sufficiently small, we
will never hawe ©9,(€) <« » v =k zypale) = yipale) -+« -+ yypyle) unless
®y me gy, ..., T = Yy and in partieulsr, equality will not hold in (203,
Consider now the N! permutations of the records; st least one of these is
optimum, and we know that it satisfies {20); but only one permutation satisfies
(20} beesuse there are no squalities. Therefore (20} uniquely charssterizes the
optimum arrangement of reeords in the table for the probabilities pie}, when-
sver e iz sufficiensly small, By consinuity, the same arvangement must alse be
optimum when ¢ s sot squal to gere. {This “tie-breaking” type of proof is often
useful in connection with eombinatorial optimization.) #

Theorem § is due to W. K. Pmith, Naval Research Logistics Quarierly 3
(1056), 50-86. The sxercises below contain further results about optimum
Gile arrangernents.

File compression. Sequentisl searching on taps and other external memory
devices goes faster if we can pack the data so that it takes up less space; there-
fore it is a good idea o consider alternative ways o represent a file. We need
not always stors the keys explicithy.

For sunmple, suppose that we want to have a table of sll the prime numbers
Tess than ons million, for use in factoring 12-digit numbers, (Cf, Bection 4.5.4.
Fhiere sre 78498 such primes: so if we use 20 bits for each one, the file will be
1,566,060 bits long, This is obviously wasteful, since we could have a million-
bit table, with each bit telling us whether or not the eorresponding number is
prime. Since all primes (excep$ 2) are odd, the file could in fact be shertened
to 500,000 bits.

Another way to cut down the size of this file is to list the sizes of gape hen
tween primes, instead of the primes themseives. According e Table 1, the
difference (pey1 — Pu)/2 i less than 64 for all primes less than 1,357,201, g0
we sap represent all primes betwsen 3 und 1000000 by simply storing 78496
six-bit values of (gap sire)/2; this makes the file about 471,000 bits long.
Further compression: can be achieved by using a variable-lsngth binary code for
the gaps (ef. Bection 6,2.2).

GN 005640



402 EEARCHING 81

Table t
RECORD-BREARING GAPS BETWEEN CONSBCUTIVE PRIME NUMBERS
Gap (pio ~ pe) P Gap (Pear — 20) e

1 2 o 380855

) 3 112 210261

4 7 114 497115

6 28 118 1548553

2 89 132 1357801

14 g 148 2010753

18 323 154 4652353

20 387 180 17651767

922 1190 2140 N1

34 1597 220 57326603

36 9551 2 122164747

44 15683 234 150705450

5 10500 248 191912783

72 31397 25) . SRTODE153

55 155921 82 438273000

This tahls Hets Pra - pe whenever it exceeds pey — pfor sy < &
For further information, see . P, Brent, Math. Comp, 27 {1573), $50-063,

EXERCISES

3. [M20 When sl the search keys arz equally probable, whal is the standard
deviation of the number of comparizons made in o successful sequantind search through
a table of N records?

2, 118] Restate the stops of Algorithas B, using Hnked-memeory notation instead of
subserpt notation, (I P points io 2 record in the table, assume that KEY{P} is the -
key, INFOIF) is the ascovisted information, and thet LINK(P] is 2 pointer #o the |
next record.  Assume also that FIRST points to the first rocord, and that the last
recored points to A}

3. [18] Write a MIX program for the slgorithi of exereise 2. What is the running
time of your program, in ferms of the quantities €' and & in (1)7

» 4. [17] Dges the idea of Algorithin § carry over from subsoript notation to Haked-
memory notation? [ exercise 2.)

5. [20} Program Q' i3, of course, noticeably faster than Program &, when C is Iarge.
fiut are there pny small valtues of C sud § for which Program € setually takes move
time than Prozram Q7

» 6. (201 Add thres move mstructions fo Program §, reduciug its running time to
shout (3.33C + constant)u,

7. [A{20} Evaiuate the average number of comparisons, (3), using the 'binary”
probability distribution (8h ;
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8.1 BEQUENTIAL SEARCHING 4033

8. [HAM28 Find s ssymplotic series far 5 a3 n— oo, when » o 1,

» 9. [M28] The text cbserves that the probability distributiens given by {11) snd
{13) are roughly equivalent, snd that the mean number of comparisons ssing {13) is
N 1) b OINT, s the mean number of comparisons equal to N8 - 1) |
0N alsc when the probabilities of (11} ars used?

10, [M20] The best arrangement of records in & sequential table is specified by 4},
what is the wors! arrangement? Bhow thai the average nwnber of comparisons in the
worst srrabgement has o simple relation o the aversge number of comparizons in
the best arrangerent.

i1, {3M30] The purposs of this exercize is io sualyze the behavior of the text's self-
organizing e, Fisi we need io define some ralher complieaied notation: Let
Fmfey, 33, ., 5e) be the lufinite sum of all distinet ordeved produets zgwe, .. .2
such that 1 £ 41, ..., % < m, where each of o), 09, . ., 2w 8UDEETS In every ferm.
Hor example,

folz, ) = E (xiﬂ'y{x%m P e ) =7 = (1 ! + ! )

FESY: B AU I

Given & set X of # varlables o, ..., 3.}, Iet
PM bl 2 fm{Ij;x . .,:t_,'m); Qnm b z 1
1Eiy i Sa 1S54 i
For example, Psy = foley, ma) + folen, w8} + foleg, 38) and Gae = U/(1 — 51 — 22)
B — g — za) 4 1A — zg — zsh. By convenblon we et Pug = Qo = 1.

a} Assume that the text’s self-organizing file has been servicing requests for fem R
with probability pi. Afier the system has been running & long time, show that
B, will be the mth item from the front with limiting probability 2:Pw -1ty
where X = {Br, 00 Bty Dikdy oo PN
b} By summing the result of (a) form = 1,2, ..., we obtain the identity
Poxt Pouy b Pan = Qe

Prove that, consequently,

Pam”é“"(nm;%—é_i)P&t,mew’%‘"”‘%—(”Wﬁuéwm).?n[}:@ﬂm;

Qo — (”‘ - 1) Bumet - (1) (”‘ met ”‘) Qs = P

1 1t

I

—ay — - — By,

e} Compute the limiting average distance d; = Yomzn) mFn .1 no1 of By from the
front of the list; then evaluate Ty = S 1ssy 2 dhe

12, 89 Taa {17} to evaluate the average numbear of comparisons needed £0 sepreh
tha self-organizing flewhen the search keys have the binary probability distribution {8,
13. {3727] Use (17} te evaluaie Oy for the prebability distribution (8).
1d. [4£21] Given twosegquences (g, &g, ..., T4 snd {y1, we, . . ., ¥a) of real numbers,
what permutation o 6. .. 6. of the subsevipts will make Fx,, & masimum? a
minimam?

g
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404 SEARCHING i

» 15, LA2# "The text shows how 10 srrhpge programs optimally on a "system lbrary
tape,’” when nuly one program 3 being sought.  Dub another set of assumptions is
mare appropriste for a subrouiine Hbrary fape, from which we may wish to load various
subrontines salled [or in o user’s program,

For this esse let us suppose that subroutine ¢ s desived with probability Py in.
dependently of whether or nod other subroutines are desired. Then, for example, the
prehability that no subrentines at all are neaded is (1~ Fei{l - Pol o {1 —~ Py};
and the probability that tho search will end just afiar Josding the th subroutine ig
Pefl — Pisi) .. {0 — Pyt If Le is the length of subrouiine ¢, the nversge search
time will therelore be essentially proportionsl to

faPi(l — Pay .o {1 — Pw) -+ (- LoiFall — Pay ... {l— Fy)
e (e e e L) P

What s the opbiroum arrangement of subroutines on the tape, under these assumptions?

¥o. [22] {F. Rissel.) A progeammer wanis fo test whether or not # given con-
ditions are all simultancously true. (For example, he may wont to test whather both
z > 0 and ¥ < 22, and it is not immaediately clear which condition should he fested
first) Suppose that it eosts Ty uaits of time o test sondition 4, and that the condition
will be true with probability py, independent of the outcomes of all the other son-
ditions. In whieh arder should he make she iests?

17, [M28 (W, E, Smith.) Buppose you have to do » jobs; the ith job tskes T, units
of time, and it haz & deadling D In other wards, the 4th job Is supposed to be Boished
after ab most D unids of fime hove elapsed. What schedale a1 22 . .. . for processing
the jobs will minimigs the mazimum lerdiness, Le,,

mex (T = Dy Tay b Tay = Duyy o vny Tagm Toprt oo oy — Do 37

18, [M30} {Catenated seaveh Suppose N records pre iccated it o linear array
By ... Ry, with probability o that renoed Bo will be sought., A sesreh process &
ealled “eatenated” if ench gesrch beging where the last one left off.  If censecutive
saarches ate jadependent, the average time required will be Xigosew parid( ),
whire d(7, H) reprasents the amount of time fo do o search that starts af position { and
ends at position 7. This model cau be anplied, fot example, to disk fla seek time, if
a{i, §1 is the iime ceeded o travel from cylinder 7 {o eylinder j.

The object of this axervise is to charseterize the epfimum placement of records
for catenated searches, whanever 85, 7) 15 an incrensing funciion of i — 7|, L.e., when-
aver we have €(4 7} = dyes for di < ds < - < dvr. {The value of do is ir-
relevant.) Prove theb in this ease the records are optimally placed, among all M1
permutations, I sad vnly i either pr € v < pp S pr-1 S 000 S Plysales oF
PSP S prea S PSS ppvgze (Thus, an "orgen pipe” arrangement of
probabilities s best, as shewn in Fig. 3.) Hint: Consider any arrangement whers tho
rospeative probabilities 2re 91 g2, .. g 8% . .. 727101 . fmy fOF BOtRe M 2§ and
E > 0N = 2%+ m-- 1. Bhow that the rearrangoment ¢f 92 ... gheri. . raridy ...
tw is hatter, where g} = min {g;, 7;} and 7} = max (g, 7}, exceph when ¢f = g¢ and
¥4 e g for gl © or when gf = 7y and #fl = gy und & = 0 for all €, j. The same holds
when § 1 not present and N = 2k 4 m. :
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8.1 SEQUENTIAL SEARCHING 465

i Ba ' oy

Fig. 2. An "organ-pipe srrangement” of probabilities minimizes the aversge ssek time
in a eatennted scarch,

19. (¥ 20] Continuing exercise 18, what are the optimal arrangements for eatenated
senrches when the funetion (¢, /) has the propevty that &4, HH + d{4, £} = ¢ for sl
4, j¥ {This sitnation acours, for example, on tapes withoot resd-hackwards capability,
when we do not know the spprepriate direetion fo search: for ¢ < § we have, say,
2, 5 o= oo+ M+ - L osad dF, ) = o Bl - Bl b r
Ly o« La), where 7 is the rowind $ime}

20, [A88] Continuing exereise 1%, whatl are the optimal arrangements for catenpted
searches when the funetion dl¥, j) = vun (dewy), dagey), for dy < dp < -+ [This
situation ceoure, for example, in a two-way linked circuler Hsb, or in a two-way shift-
register storage deviee.]

21. [M28] Conzider sn  n-dimenslonal cube whoze vertiess have coordinntes
{da, ..., di} with d; = 8 or 1; two vertices are called adfacent i they differ in axaetly
one soordinste. Huppose that z zet of 3% nombers mp S 23 £ - L #prp i to be
assigned to the 2° verticen in such a way that Lle; — 2] is winimized, where the sum
w5 over all ¢ and 7 such that 2: and 27 have been sssigned fo sdiacent verticas. Prove
that this ninimun will be achiaved if o, s assigned o the verbex whose coordinates
are the binary represanistion of 4, for all &

» 22 (3 Buppose you want to search a large Gle, not for equality hut o find the
1800 records which are clossst 10 a given key, in the sense that these 1006 records have
the smadiest values of (K, K for soms given distance funciion 4. What date structure
is'mest sppropriste for such a seguential search?
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446 REARCHING 8.2

6.2. SEARCHING BY COMPARISON OF KEYS

Tn this section we shall discuss search methods which are based on a Hnear
ordering of the keys (s g., alphabetia order or numerie order). After comparing
the given argument K 0 a key Ky in the table, the search contintes in three
different ways, dependiog on whether K < K, K = K;, or £ > Ki. The
sequential search methods of Seetion 6.1 were essentially lmited o o twowway
decision (K = K;vs. K # K.}, but if we free ourselves from {he restriction of
sequential ncoess it hacomes possible to make effective use of an order relation,

6.2.1. Searching ac Ordered Table

What would you do if someone handad you a large telephona directory and
told you to find the name of the man whese number is 745-6841% There is oo
hetter way o tackle this problem than to use the sequential methods of Seetion
6.1, {However, a clever private detective might try dialing the number and
finding out who answers; ov he might have a friend ab the telephons company
who has aceess to & special direstory that ds sorted by number instead of by
name.) The point is that it is mueh easier to find au entry by the party’s name,
instead of by number, nithough the telephone direstory contains all the in-
formation necessary in both cases. When s large file muust be searched, sequential
segnning is almost sut of the gnestion, but an ordering relation simplifies the
job enormously.

With so many sorting mwethods at owr disposal {Thapter 5}, we will have
little diffieulty rearranging a file into order 30 that ¥ may be searched con.
veniently. Of course, if we only need fo search the table once, it is faster o do
a sequential seareh than 1o do & compleie sort of the file; but i we need to make
repeated poarches bn the same fle, we are better off having it in order. Therefore
in this section we shall concenirate on methods which are appropuiate for
searching a table whose keys are in order,

K].{Kg{"'{I{N:
making random secesses o the table enbries. After comparing K to K. in such
& tehle, we either have
« K < K; {Re, Bogq, ..., Ky ore climinated frore consideration];
or ¢ K= K fthe zearch is donsl;
ar K> K Ry, Ra, ..., B¢ are eliminated from constderation],
Tr: ench of these three casse, substential progress has been made, unless ¢ i3

usar one of the ends of the table; this is why the ordering leads fo an efficlent
aigorithm.

Binary search. Perhaps the first such method which suggests ibsel is fo start
by comparing K to the middle key in the table; the result of this proba tells
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65.2.1 BREARCHING AN ORDERED TARLE 407

[ B1. Initialize’

B4, Adjust u

HIGCEIR

Fig. 3. DBinary search,.

which half of the table should be searched next, and the same procedure can
be used agsin, somparing K to the middle key of the selected half, ste, After
at most about log, N comparisons, we will have found the key or we will have
extablished that 1t is not present. This procedurs is sometimes known as “loga-
rithmic search” or “hisection,” but it is most commenly called bnary search.

Although the basio idas of binary search is comparstively straightforward,
the details can be somewhat frieky, and many good programmers have done it
wrong the first few $imes they trisd. One of the moest popular eorrect forms of
the algorithm makes use of two pointers, [ and u, which indicate the eurront
lower aad upper Hmits for the search, as follows:

Mgovithm B (Binary search). Given a table of rscords By, Hy, ..., Bv whose EH
keys ave in increasing order Ky < Ks < -+ < Ky, this algorithm searches
for » given argument K.

B1., [Initialize] Bef{e 1, 4 N.
B2, [Get midpoint.] (At this peint we know thas if K s in the table, it satisfies
E: < K < K. A more Drecise statemsent of the sifuation appears in
axerciee 1 below.) Efu < [ the algorithm terminates snweecessfully. Other-
wise, seb 1« L{1 4 u)/2), the approxiraate midpoint of she relevant table i
aren.
B3, [Compare] K < Ky, go to B4; if K > Ky, go to B5; and if K= K, 1

the algorithm terminates suecessfully. :
B4, [Adjust ul Set u e~ 7 — 1 and return to B2
B5

. [Adjust 1] Set e i-- 1 and return to B2, I .

Figure 4 illustrates two cases of this binary search algoritbm: first 1o search
for the argument 653, which is present in the table, and then to search for 400,
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5) Boarching for 958

{361 OR7 154 170 275 426 508 BO§ 512 61 653 877 TUI 765 597 908)
6L 087 154 170 974 426 802 BDB{B12 817 4583 Y7 0% 765 97 ]
061 08T 154 170 295 424 503 s506[H1% 612 858) 677 703 765 897 Q08
061 087 L5 170 275 426 503 509 312 612 353} 677 703 785 857 08

b} Bearching for 400

[381 HHY 154 179 275 426 503 50O BIZ 612 853 677 703 Vo6 BO7 008
(061 087 134 170 275 496 508] 80 512 612 653 677 TOI 765 597 Q0%
G6r 0B7 154 1Y0I2T5 426 8031509 512 612 633 677 TOR Y85 BUT 408
063 987 154 17O (2751420 508 309 512 612 053 477 VO3 765 897 908
063 087 154 170 27ali420 508 506 512 612 633 677 7023 Y65 897 008

Fig. 4. Exampies of binary seareh.

whith is abzent. The bracksts indieate { snd u, and the underlined key repre.
gents Kv. In both examples the seanrch terminates after making four comparizons.

Program B {Binary search). Asin the programs of Section 6.1, we assume here
that K; is » full-word key appearing in loestion ¥EY + 2. The {ollowing code

(751 START ENTI 1 1 Br, Imttialize, T+ L
oz ENTE W i % e N

o3 JMP 2F 1 To B2,

(74 BH Jg BUCCERS €1 Jump it K = Ko

0F ENTL 1,3 1 - 8 By, Addjugtl | ed4 1,
ag 2 ENTA O, L 41— 8 B2, Get nadpoind.

o7 INGA 0.2 Dokt — & A e

o sRB 1 oA - 8 rA e LrAS2]

o sTA TEWER C41— 8

ig CMPL  TENP ¢-+1—5

1 JG FATLURE b} e 8 JumpHwu < 1

iz TS TEMP ¢ 1+ midpeaint,

18 a1 DA K C Bz, Compare.

14 {MPS KEY,Z 9

i3 JGB 8B i Jump i K > K.

18 BN 1,3 [#9] Bi Adiusi u, e {1 — L
7 J¥F 8B 2 Ta B2 §

Thiz procedurs docsn't Blend with MIX quite 83 “smoothly” as the other
algorithis we have seen, because HIX does not allow much arithmetis in index:
registers, The running time i (18C — 108 + 12w, wheve € w= 1 -+ (2 is the
number of comparisons made (the number of times step B3 ix performed), and
& == 1 or {} depending on whether the outeome s successful or not. Note that
Hne 05 of this program is “shift right binary 1,” which is legitimate only on
binary veraions of MIX; for general byte size, this instruetion should be re-
placed by “MUL =1//2+1=", increasing the running time to (280 — 188 -+ 20
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6.2.1 SEARCHING AN ORLERED TAELED 44006

Fig. 5. A hianry free which corresponds to binary search when N = 18,

A tree representation. In order to really understand what is happening in
Algorithm B, it is best to think of it a8 3 hinary desision tvee, as shown in Fig, 5
for the case N = I8

When N is 16, the first comparison made by the algorithm is K:Kg; this
18 reprezented by the root node in the figure. Then if K . K, the algorithm
follows the left subtrse, comparing K to K,; similarly if K > K, the right
subtree is ased, An unsuceessful search will Tead to ont of the “external” square
nodes numbered [§) through ; for example, we reach node (8] if and only
it Ky < K < Ky

The binary iree corresponding to a binary search on N records can be
constructed as follows: If ¥ = 0, the tree is simply [0]. Otherwise the reot
node is

R .

D,

the left subtres iz the corresponding binary fres with TN/2] — § nodes, and
the right subires is the vorresponding binary tree with |N/2) nodes and with
all node numbers ineraased by [N/27.

In an analogous fashion, ony algerithm for searching an ordered isble of
length ¥ by means of comparisons can be represented as a binary tree in whish
the nodes are Jabelled with the numbers | to N {unless the algorithm makes
redundant comparisons}. Conversely, any binary tree corresponds to a valid
method for searching an ordered table; we simply label the nodes

ooz .. FF e §« (1)

in symaneteic order, from laft to vight.

If the seareh argument input te Algorithm B s K, g, the sigorithm makes
the ecomparisons X > Kg K < &y, K = Ky This corresponds o the path
from the root to in Fig. 5. Bimilarly, the behavior of Algorithm B on
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410 STARCHING 621

other keys corresponds to the othar paths leading from the root of the tree. The
method of eonstrneting the binary trees corresponding to Algorithm B there.
fore makes it easy to prove the following result by Induehion on N:

Fheorem B, If 2571 € N < 2% n suceensful searels using Algorithm B requires
{min I, max &) comparigons, If ¥ = 2* — 1, 81 vosuccessful search requives &
coraparisens; and if 221 < N < 2% — 1, an unsuccessful search requires either
& — 1 or & comparicons. §

Further analysis of hinary search. (Nonmathematical readers, skip fo Ea. {4).}
The tree repressnfetion shows ue also how to compute the average number of
eomparisons in a simple way., Les Cx be the average number of eomparisong
in & susvessful senrch, assuming that each of the ¥ keys is an equally likely
argument; and et £% be the average number of comparisens in an wnsuceessiul
search, assuming that easeh of the N + 1 intervals between keye is equally
Bikely, Then we have

internsal path length of free

Oy = 1+ N
., exteraal path length of free
¥ N1 ’

by the definition of internal snd external path length, We have seen in Eq,
2.3.4.5-3 that the external path length 19 always BV more then the internal path
lengths hence there i a rather unexpected relatioashin between Cu and Ca:

cmu(w%)cfwwk

This formula, which is due to Hibbard (FACH ¢ (1862), 18-17}, holds for all
seareh methods which corespond o binary trees, ie, for all methods which
sre based on nonrsdundand somparisons.  The variance of Cx can also be
expressed in terms of the variance of O (see exercise 25).

From the shove formulas we can see that the “best” way 1o sesrch by
eomparisons ig one whose tree has minimum external path length over alf
binary frees with N internal nodes. Fortunately it can be proved that Algerithm
B iz optimum in this sense, for all N, for we have seen {exercize 5.3.1-26) that
a binary {ree has minimum path leagth if and only all its external nodes aceur
on gt most two adjacent levels. 1% follows that the externasl path length of the
ires corresponding {o Algorithim B is

2}

o

N+ DUg N+ 2) — 2 @

{Ree g 5.2.1-33) From this formula and {2} we can compute the exaet
average number of comparisons, assuming that all search arguments are squally
probable.
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f.2.1 SEARCHING AN ORDERED TABLE 411

N=12 34 5 6 7 8 ¢ 10 11 12 13 14 15 16
Cw=1 15 182 2t 2% 23 % 25 205 3 5% 3% 3% 35 3G
Co=1 1% 2 2§ 2} 2§ 3 3% 3% 3% &% 3 38 3 4 4%

Bigeneral, £ = {lg NV |, we have {cf. BEg. 5.3.1-34)
Okl (2% e NN e g N — 1+ e+ B+ 2)/N,
s kb2 29PN 4 1) m g (N 1)+ ¢
where ) £ ¢, ¢ < 0.0861.
To suramarize: Algovithm B nsver mskes more than {lgN | 1 com-
perisons, and it makes about lg N — 1 comparisons in an average suecessful

search. MNe search method based on comparisons can do betier than thie. The
average running time of Program B is approximately

4)

(B lg ¥~ 168)u for a successful search,
O8N - 120w far an unsuceessful search,

{5)

if we assume that alf outeomes of the search are equally likely.

Ap Bmportant vaviation. Instead of using three pointers ], 4, and % in the search,
it is tempting to use only two, the eurrent position { and its rate of change, §;
after ench unegual comparison, we cotld then set ¢« ¢ £ § and 5 — 3/2
{approximately). It is passible to do this, but only I extreme care is paid to
the details, as in the fellowing algorithm; simpler approaches are deorsed to
failure!

Algorithon U (Dnaform binary ssarch). (Hven atable of records By, Bg, ..., By
whose kevs are in increasing order &, < K, < --+ < Ky, this algorithm
senrches for o given argurnent K. H N iz even, the algorithm will sometimes
refer to a dummy key K which should be se$ {0 oo (o1 any value fess than K.
We ssyume that & > 1.

UL, {Inttialiee.} Set 1« [N/2), m— LN/2]

U2, [Compare.] If K < K, go ta U3 i K = Ky go o U4; and i K = K,
the algorithin ferminates suceessiully,

U3. [Decrease £} {We have pinpointad the scarch fo 2a interval which contains
gither m or m - 1 records; ¢ poinks just to the right of this interval) If
w o= (1, the algorithm terminstes unsuceessfully, Otherwise st § em i —
P /215 then set m «— Lm/2 ] and return to U2

U4, [fnerease £.] (We have pinpointed the seareh to an interval which containg
either m or m - ¥ records; + points just to the left of this interval) H
m o= (1 the alporithi terminates wnsuecessfully.  Otherwise set 1 = 1 -
Fan/27; then set m « [o/2 | and return to U2, |l
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£12 SEARTEING B.2.1

Figure 6 ghows the cotrespending binsry tres for the search, when N = 10,
In an unsuccasshul search, the slgorithun tnay make & rvedundant comparison
just before termination; thess nodes are shaded in the figure. We may asll the
search process undform becauge the differsnce bebween the number of a node on
levs] £ and the number of 8 ancestor on level £ — | has » constant velue 4 for
ali nodes pa level £

The theory underiying Algorithia U ean be undarstood as follows: Suppose
that we have an inferval of length n — 1 to ssarch; a comparison with the
middle elevent (for n even) or with one af the two middle slements for » odd)
leaves us with two intervals of lengths [#/2] — 1 and [9/2] — 1. After re-
pesting this process & times, we oblain 2% intervals, of which the smallest bas
lengh [2/2% | — 1 and the largest has length [n/9%7 — 1. Henes the lengths
of two intarvals at the sarme level diffar by at most unity; this makes it possible
to ehoose an appropriate “middle” olement, without keeping track of the
axact lengthbs,

The principal advantage of Algorithm U is that we need not maintain the
value of m ot ally we nead only vefer to a short table of the varlous § to use st
each level of the tree. Thus the algorithm reduces to fhe following procedure,
whish is erually 2004 on binary or decimal computers:

Algorithm € (Uniform bingry seereh). This algorithm is just like Algorithm U,
but it uses an anxiliary itable in place of the caleulations involving m. The
table enirios are ’

G
DELTALI] == [&m%%mj = @g) vaunded, for I <7< ilgNit2 {6}

€1, [Initialize.] Set ¢ ¢~ DELTA[L], j+ &,

€2, [Comnpare.] I K < K, go te C5; if X > K, go to C4; and ¥ K = K,
the algorithm terminates euocessfally,

3. [Decrense 1) If oeprals] = 0, the algorithm terminates unsuecesafully.
Otherwise, seb 4+ 1 — DELTA[F]L 7 < 7+ 1, and go to C2,
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621 SEARCHING AN ORDERED TABLE 413
Ch. [Inerease 1.7 H pELTalj] = 0, the algorithm ferminates unsuecesshully.
Otherwise, set 4 «— ¢ -+ DELTA{F], F e~ -+ 1, and g0 t0 C2. §
Exoecise § proves that this algorithm vefers to the artificial key Ky = w0

only when & s even,

Program € (Uniform binary search). This program does the same job az Program
B, wsing Algorithm C with rA = K, rIl s ¢ 1f2 = j, 713 == DELTA ]

of START ENTL R+l/2 1 {1, Ingtinlyse.

o8 ENTE 2 1 Fe 2,

{13 A R i

04 Jup o 2F i .

o5 Kt JE SUCCESS 1 Jump # K = K,

£ J3Z FAILURE 1 — & Jump ¥ DELTA[F] = O,
of DECY 0.3 1 e § e A 08, Decroase 4.

8 BH s &l Femdt 1.

o8 24 L3 DELTA 2 & 7. C"a'm@a?m

E/) CHPA  KEY.1 &

{1 JLE O3B & Jump i K < K.

i# L 6.3 i (4. Imeroose £,

18 J3Nz BB 02 Fump if DELTAIS] = 6,
FE4 FAILURE BOQU « 1~ & Bk if mot in table, |

Tn & suecsssful seareh, this algorithim corresponds fo o binary free with the
same internal path longth as the trae of Algorithm B, so the average number of
eomparisons Cx 15 the snme #s before. In an unsuccessiul search, Algorithm C
always makes exaotiy (g N -1 eomparisons. The fotal ramning time of
Program O I8 not quite symumetrical betwsen loft and right branches, since 1
is weighted mors heavily than (U2, but exercise 9 shows that we have K < K
roughly as often as K > K hence Program C fakes approximately

BoigN — 6 for a suceesshul search,

(7
RE g N1+ 12w for =n umstecesainl seaxch.

This Is more than twics as fast as Program B, witheut using any speeial prop-
arties of binary compulers, even though the runming times (5) for Program B
assume that WL has & “shift right binary” Instruction,

Anoiber modifieation of binary search, suggesied in 1671 by L. E. Shar,
will be still faster on some epmputers, because it is uniform after the frst step,
and it reguizes no table. The firet step is 1o compare K with Ky, where { = 2*,
k= g N] 1K < Es we use a uniform search with the &s equal to 277,
g*=8 " "1, 0. Onthe other band, if K > Ky and N » 2%, we reset £ 40 ¢ =
NA41— 2, whee £ = [lg (W — 2%} + 1, and pretend that the fist som-
parison was astually ¥ > Kp, vsing & uniform search with the &% equal to
g1 ez 1

GN 00eE2



414 SEARCHING 5.2.1

Fig. 7. The binary tree for Bhar’s ahmest uniform search, when N o= 10,

Bhar's method 35 Mustrated for ¥ = 10 in Fig. 7. Like the previous alge-
rithms, it never makes more than g N |-+ 1 comparisons; henes i I8 within
onz of the best possinle sverage number of comparisons, in spite of the faet
thai it oceasionally goes through several redundani steps in suceession {of.
exoreiss 123,

3til} another modification of binary search, whieh increases the speed of all
the above methods when N 18 very large, is discussed in exercise 23. See also
exercise 24 for a method that is faster yet!

Fihonaesian search. In the polyphase merge we have zeen that the Fibonaoc
numbers ean play a role analogous o the powers of 2. A similar phenomenan
ocours in searching, where Fibonavel numbers provide us with an alternative
to binary search, The resulting method is preferable on svme eomputers, be-
cause it invelves only addition and subtraction, not division by 2. The pro-
sodure we are about to disvoss should be distinguished from an importand
numerionl “Fibonneei search” prosedure wsed o locute $he maximum of 5
animodal funetion [ef, Fibonacer Quarterly 4 (1968), 265-2601; the almilarity o
names has led 40 some confusion.

The Fibonaccian search technigus looks very mysterious at frst plance, &
we sinply take the program and iry fo esplain what is happering; I seems o
work by magic. Buat the mystery disappesrs as soon as the corresponding
search tree is displayed. Therefore we shall begin our study of the method bn
fooking at “Fibonacel trees.”

Figure 8 shows the Fibonaseot free of order 6. Note that it looks somewha
more ke 8 real-life shrub than the other trees we have been constdering, perhap:
because many natural processes satisfly o Fibonaced law. In general, §he
Fihonaeel tree of order k has Fipyy ~ 1 internal {eirevlar) nedes and Fip
external (square) nodes, and 1t 15 copstructad as follows:

I Jo == (0 or & == 1, the tree iz simply [0].
HE > 2 the root is @ ; the lefi subtree is the Fibonacel tree of orde

g 1 and the right subtree is the Fibonace tres of order & — 2 witl
a1l numbers ineressed by Fi.
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6.2.1 SHARCHING AN ORDERED TABLE 415

Fig, 8. The Fibonseal tree of peder 8.

Note that, except for the external nodes, the numbers on the fwo sons of each
internal node differ from their father’s number by the same amount, and this
amount is a Fihomacel number. Thus, & = 8 — Fyand 1l = 8 -+ Fy in Fig &
When the difference is F';, the eorresponding Fibonace? difference for the next
branch on the leftis #;_ ), while on the right i+ skips down 1o Fj..p. Fer example,
3o § oo Foyowhile 10 == 11 — Fy.

If ws eombine these ohservations with s appropriste mechanism for recog-
nigsing the exbernal nodes, we arrive at the following method:

Algorithm F (Fihonaccian search). Given a table of records By, By, ..., Bw
whose keye are in ineressing order K, < Kp <+« « Ky, this algorithm
searches for a given argoment K.

For covvenience in description, this algorishums assumes that N1 is a
perfeet Fibonacol number, Fi .y 1% is not difficult to make the method work
for arbitrary WV, if 4 suitable initiatization is provided (see exercize 14),

Fi. [Initialize.} Setie— Fy, p o Feey, ¢ ¢ Piws. {Throughout the algorithm,
# and ¢ will ba consecutive Fibonacel numbers.)

F2, [Comparel HEK < K, go tosten F3; if K > Ky go to Fd; and if £ = Ky
the slgorishm terminates successfully.

¥3. [Decrense 1] ¥ ¢ == 9, the algorithm terminates unsuccessfully. Otherwise
seb 14 — g, and set (p, ¢) « (g, p — ¢ then return to F2.

¥4, [Tnoresse 1] If p = 1, the algorvithm terminates unsuccessfully, Otherwise
gt § ¢ i 4 g, p - — ¢, then g ¢~ ¢ — p, and retumn o B2,

The following MIX iraplamentation gains speed by making two coples of
the innar loep, one in which p s in rI2 and ¢ in r3, and one in which the registers
are reversed; this simplifies step F3, In fact, the program sctually keepsp — 1
and g — | in the registers, instead of ¢ and ¢, in order to simpiify the test
== 137 n step F4,

GN 000684



416 FRARCHING 6.2.1

Program ¥ (Fibonocoion search). rA =K, il =4, (012, 118) = p-1, (713,
vE2) = g1,

Of ETART tma K 1 Ft, Iraticline,

0% ENTL 1 e Fp

5 e Feug-d 1 - Bt

[+74 EWTE Fpogei 1 e Pt

27 JHF  FRA 1 Fastep FI
06 Fak INCI 1.3 I8 P4B NG 1.2 %o~ 8- 4 P4, Incremsgy, F o -t 4
Gr DECE 1.3 i3 PEGE 1.2 £ 8 & B o
o8 MG 1.2 £ B2 1.3 284, gr—g—p
0p ¥2& C¥PA KBY,1 #1 FIR CWFA ¥EY. L [ ke, Compers.
e JL P34 28 AL FER ¢ TeRIH L L K.,
3 JE  SUCLESS £3 dB  SYCCESS [ Bt i K = Ky
1% JENZ Pda B4 JIWE PR £ & To¥eidpwt
5 JHP  FATLURE 1 P FAILURE 4 Exit i ot in inbln,
fEOFIA OBECL L% g5 F38 DECE 1,2 [43] Py Decrepwe s, §e i
i bEce 1,3 87 LB 1.2 4} [l
18 SN FEB .23 JEHN F2A s | Swap registess if ¢ = &
Iz JEP FATLIRE 9 JHUP  PAILYRE 1w o 4 Exit if not in table, §

The rupning time of this program s analyzed in exsveize 18, Figure 8
shows, and the analysis proves, that a left branch is taken somewhat more
often than a right branch. Let &, 0%, and (€2 — ) be the respective number
of times steps F2, F3, and ¥4 are performed. Then we have

O (ave  gh//5 4 0{1}, maxk — 1},
L= {ave  k/E L OU), maxk— 1), {8)

€2 — 8= (ave ¢ k/VE+ G, wax k2]
Thus the left branch iz tsken about ¢ == LBI8 times ss offen sz the right
branch (a fact which ws mighi have guessed, sinee each probe divides the re-
maining mterval into two parts, with the Jef6 pars about ¢ times ag large as the

right), ‘The total average running thme of Program F therefore comes o ap-
proximabely
B/ — (34 224)/8) v = (B252Joga N — 46
for & sueoesstul seareh;
Bk /N5 - (BRIATH)I/B) u = (6.252logy N+ 5.8)u
for an unsuceessiul search,

B

Thig ig slightly faster than Program C, althfmgh the ‘worst case running time
{roughly 8.8 logs ) 15 slightly slower.

Interpolation search. Let's forget computers for o Inement, and econsider how
people actiually carry out a search. Sometirmes everyday Hife provides us with
clues that lead to good algorithrs.

Imagine yourself looking up & word in & distionary. Vou probably den’t
begin by looking first at the middle page, ther looking as the 1/4 or 3/4 peint,
aie., B8 in 8 binary search. It's even less Hikely thal you use a Fibonaceian search!

If $he word yon want sfarts with the letter 4, you probably begin nesr $he
front of the dietionzry. Ia fact, many diesionaries have “thumb-indexes” which
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821 REARCHING AN ORDERED TABLE 417

show the starting page for the words beginning with a fived letter. Thiz thumb-
index technique can readily be adapted to computers, and it will speed up the
search; such algorithms are exploved in Section 6.3.

Yei even after the initial point of search has been found, your ackions siill
sre not much like the mmethods we have diseussed. If vou notice that the desired
word is aiphabetieally much greater than the words op the page being examined,
you will turn over & fairly large chunk of pages bafors meking the next reforence.
This iz quite different from the above algorithms, which make no distinction
hetween “much grester” and “slightly greater.”

These eonsiderations suggest an algorithm which might be called “inter-
polation search”: When we kuow that K les between K and K., we car choose
the next probe t0 be shout (K — K /K, — K1) of the way between § and 1,
sesuming that the keys are numerie and that they incresse in a roughly constent
manner throvghout the interval.

Unfortanately, computer simulation experiments show that interpolation
search dees not deerease the mumnber of comparisens snough to compensate for
the exirs computing time invalved, when searching a table stored within a
high-speed memory, It has been sueccesstul only to = mited extent when applied
t0 gxfernad searching in peripheral memory deviees, (Notz that dictionary
look-up by hand is essentinlly an extornsl, not su internad, search.) We shall
digsensgs external searching later.

History and bibliography. The esrliest kuown example of a loug list of items
that was sorted nto order to facilitate scarching is the remarkable Babylonian
raviproeal tabie of Inakibit-Anu, dating from sheut. 200 s.o. This clay tablet s
apparantly the first of a series of thres, which contained over 800 multiple-
precislon sexagesimal numbers and their reciprocals, sarted inie lexieographic
arder. For example, the list included the following sequence of entries:

02 43 50 24 21 58 21 33 48

(2 44 01 30 21 56 52 20 44 26 40

02 45 4203 14 08 21 42 331253825630 2507 30
02 45 53 16 48 21 42 03

02 46 04 31 07 30 21 46 38 5304 58 11 21 28 63 20

The task of sorting 800 entries like this, given the technolozy svailable at that
tizne, must have bean truly phenomenal. [See D, I Knuth, CACH 18 (1072,
821677, for further details.}

Tt is fairly natural to sort mumeriont valuas into order, but an order relatiou
between letters or words doss not suggest isself so readily. Yet a eollsting se-
quence for individual Ietiers was present alrendy in the most ancient slphabets,
For example, many of the Biblical psalme have verses which follow & strict
alphabetis sequence, the first verse starting with aleph, the second with beth, ste;
this was an aid {0 memary, BEveniuslly the standard sequence of letters was
wied by Hemitic and Creek peoples o denote nomerals; for axample, , 8, 7
stood for 1, 2, 8, respeetively.
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But the use of alphabetic order for entire words seems %0 be a much later
imvention; it is something we might think is obvious, yet it hos to be taught to
children, and af some poiub in history it wes necessary to teach it to adults!
Beveral lists from sbout 300 2.c. have been found on the Aegesn Islands
giving the names of people in cerfain religicus cults; these Hsis have bean
alphabetized, but ouly by the frst letter, thus representing only the first pass of
8 left-fo-right radix sort. Bome Greek papyri from the yesrs 134-135 AD. con-
tain fragments of ledgers which ghow the names of taxpayers alphabetized by
the first two letfers. Apollontus Sophista used alphabetic order on the first two
letbers, and often on subseguent leblems, in his lengthy coneordanee of Homer's
poetry (first century aA.n.). A few examples of more perfect alphabetization are
known, notably Calen’s Hippocratic Glosees (o, 200 4.p.), but these were very
rare. Thus, words wers arranged by their first letter only, in the Eiymologiarim
of 3. Isidorns {o. 630 a.n., book x); and the Corpus Glossnsy {c. 725) nsed only
the first two letters of each word, The latber two works were Perhaps the
fargest nonnumerieal files of dats fo be compiled during the Middle Ages.

Tt is mot until Glovenni di Genpa's Cathelicon (1286) that we find » specifie
deseription of frue alphabetical order. In his preface, Giovanni explained that

ana précades Wbo
abeo precodes adao
amalus precedes M
smprudens  precedes  dmpudens
tusticte preeedes  dusfus
polisgnthelon precedes Doltssenus

(thereby giving examples of gituations in which the srdering is determined by
the Isfi, 2nd, ..., 6th letters), “and so in like marmer.” He remarked that
strennous affort was required 10 devise these rules. “l beg of you, therefore,
pood reader, do not scorn this great Ianhor of mine and this oxder as something
worihless,” _

A detailed study of the development of alphabetie order, up to the time
printing was invented, hes heen made by Llovd W. Daly, Collsction Latomus
90 (1567), 100 pp. He found some interesting old manuseripts that were evi-
dently used a3 worksheefs while sorting words by thelr first letters {ses pp
$7-00 of his monograph).

The fast dictionary of Eoglish, Robert Cawdrey's Tabls Alphabelicall
{London, 1804), containg the following instruetions:

Nowe if the word, whick thou art desirous to fnde, beginne with {s) then
looke in the begiuning of this Table, but if with (v) looke towerds the end.
Againe, if thy word beginne with {ea} looke in the beginning of the letter
(¢) but if with {ow) then Iooks toward the end of that latter. And so of all
the rest. &o.

1t is interesting to note that Cowdrey was teaching himaself how to slphabetize
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as he prepared his dietiouary; mumerous misplaced words appear on the first
{ew pages, but ths last part is in nearly perfeet alphabetical order!

Binsry seavch was first mentioned by John Mauchly, in what was perhaps
the first published disoussion of nennumerical programming methods [Theory
and technigues for ihe design of electronic digital compulers, ed. by (. W. Patlerson,
1 (1048), 9.7-0.58; 8 {1346), 22.8-223]. "Fhe method beeame “well known,” but
nobody sests to have worked out the details of what should be done when N
does not have the speelal form 27 — 1. [Bee A, DL Booth, Nebure 176 {1835),
#65; A. 1. Dumay, Computers and Awlematicn 5 {Deoember, 19563, 7, where
binary searsh it ealled “Twenty Questions”™ Daniel D MeCracken, Dugital
Compuier Prograwming (Wiley, 1957, 201-203; and M. Halpern, CACH 1
{February, 1958}, 1-3.1

. Botlenbrach [FACH 9 {196%), 214] was apparently the first to publish
a binary search algorithm which works fer sll ¥, He presented an interesting
variation of Algorithm B which avoids a separate test for equalify until the
very end: Using ¢+ [ € + /27 instead of [+ w)/2)] in step B2, ha set
!« { whenever K > K then u ~ [ decroases at every step. Eventually, when
I == u, we have K; € K < K;y, and we can test whether or not the seareh
was successful by making one more comparison. (He assumed that K 2 Ky
inftially.} This idea spaeds up the inner loop slightly on many eomputers, and
the same principle can be used with all of the algorithms we have discussed in
this section; hut tbe echange is desirable only for large N {sce exercise 234

K. E. Ivorson |4 Programmeng Lenguage (Wilsy, 1062}, 141] gave the
procedure of Algorithm B, but without eonsidering the possibility of an e
sitecessful search. T B, Knuth [CACH 6 {15983), 556-558] presented Algorithm
B as an example used with an antomated Sowcharting system. The uniform
binary search, Algorithm C, was suggested to the auther by A. K. Chandra of
Btanford Universtly in 1971,

Fibonaecian scarching was invented by Devid B, Ferguson [CACH 3 (1960),
8481, but hiz fewehart and analysis ware ineorrect. The Fibonaccl tree (without
labels) had sppeared many years earller, as a curiosity in the first edition of
Hugo Steinhaus’s popular book Mathemationl Snapshuis (New York, Stechert,
1988), p. 28; ke draw it upside down and made it look like a real free, with right
branches bwice as long as left branches so that all the leaves oceur at the same
level.

Tisterpolation searching was suggested by W. W, Peterson [[BM /. Ees &
Devel. 1 {1957), 131-122); he gave a theoretical estimate for the average aumber
of comparisons needed if the kevs are randomly selested from a uniform dis-
fribution, but the sstimate does not seers fo agree with actual simulation
experiments.

EXERCISES

» 1. [£1] Prove bhat i w < [ step B2 of the binary search, we havew = { — | and
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Ko < K < K, (Assume by sonvention that Ko = — and Kwga = b=, slthough
shese artificial kavs are naver really used by the algorithn so they need not be presend
in the retnel table.)
¥ 3. 124 Weould Algorithm B stil) work properly when K is prosent in the table if we
{a) changed siep BI to “l « ¢ instead of Tem - 177 (b)) changed step Bd to
g e 17 inistead 0F Yo e- ¢ — 177 {2) made both of these changes?
3. [15] What searching method corresponds to the tres

What is the aversge numbsr of comparizons mede in a successful search? in an up-
successlul search?

4. {201 11 & search using Program 815 (sequential search) takes exactly 63 anits
of time, how long does it take with Program B (binary search)?

5, [M24) For what values of NV ia Program 1 aotually slower than a sequential seareh
{(Frogram 6.10°) on the avernge, sssuming thak the search in succeseful?

6. (23] (K. E. Tverson.) Exercise 5 suggests thad 1t would be besl to have a “hybrid”
mathod, changing from binsry seareh 1o sequential kesrch when the remaining inderval
has length fess than some judiciously chesen value, Write an efficient BIX program
for sueh & search and determine the best changeover velue.

» 7. (428 Would Algorithey U sii# work properdy if we changed step Ul so thas

¢ny both € and m ave set equal to [N /27 (b) both 1 and m are set equal to [N/27
! [Hint: Suppose the Airst step were ‘et § e 0, e e N {or N -} 1}, go fo LR

8. [M20) (2} Whatis the sum 3o peiig o+ 2 PELTAIF] of the merements 1n Algorithm
0% {h) What are the minimam and maximum valces of € whieh can senur in step
Ca?

9, (3426) Find exact forvmulas for the average values of €1, €2, and 4 m the fre-
guenty analysis of Pregram C, as o funaiion of ¥ and 8,

18, 186} Is there any value of N > 1 for which Algorithms B and C are exastly
equivalent, in the sense thet they will both perform the same sequence of tomparisons
for all search arguments |

11 [#:} Brplain how to write a MIZ program for Algorithm © coniaining approx-
imately 7 lg N instructions and having & running tims of about 4.5 lg N units,

12. g0} Drew the binary search free sotresponding fo Shar's mathod whea N = 12,
13, [M3s] Tabulate the average number of comparisons made by Shar's methed, for
1< N < 16, considering boih successful and unsuecessful searches,

14, {211 Explain how to extend Algorithm ¥ so that it will apply for sll ¥ 2 L.
13, 1Zf] Figare 9 shews the linenl chart of the rabbits in Fibonaeel's oviginal rabbit
problem {of, Seetion 1.2.8). Ts there a simple relationship between this and the Fibo-
naeel troe diccussad in the text?

GN 0056ES



6.2.1 SBARCHING AN OBDERED TABLE 423

Enitial pelr
First month
Becond month / \\
Third monih /ﬂ \\\\
Tourth month / l I\ \\
Fiith month [ j \ I \ \\ \\

Sixth month ‘f X \ \"‘=

Fig. 5. Paies of rabbits breeding by Fibonscod’s rule,

16. [M15] Tor what vaines of & does the Fibonaeel tree of order & define sn oplimal
soarch procedure, in the sense that the fewest comparisons see made on the average?

17. [M21] From sxertive 1.2.8-34 {or exercise 5.4.2-10) we kuow that every positive
integer n has & unigue representation as 2 sem of Fibonatel numbess n = F,, +
Fogebev -k B owhere r 2 1,0; 2 apyq + 2for 1 2§ < v, and 6, 20 2. Prove that
in the Fihonacat free of gorder &, the path from the rool to node @ has length & -
1 — 7t

18, [M50] Find axset formuidas for the sverage values of U1, O, and A in the fre-
quensy analysis of Program ¥, as 2 funetion of b, Fy, Feu, sud 8.

19, [M;2) Carry out a detailed analysis of the average rauning time of the algoerithm
sugpested in axercize 14,

26, [M22] The nuraber of comparisons required in a binary starch Is approximately
logg N, and in the Pibonaccian search it is roughly (/5 log, N The purpose of this
exereise 12 b0 ghow that these formulas are speeial cases of & move gensral result,

Let p and ¢ be positive numbers with » -+ ¢ = 1. Consider & search algorithm
which, given & tabla of N numbars in Incrensing order, sarts by comaparing the argu-
mant with the {nNith key, and iterates this procedure on the smaller blecks. {The
binary scarch has ¢ = g = 1/2; the Fibonaosi search has p = L/d, ¢ = /%)

T (1IN denotes the sverage number of comparisons required to seareh & table of
gize N, ¥ approximately satisfies the relations

() = 0 CIN) = 14 p{pN) -+ ¢Clgl) for N > L

This happens hoesuss thers is probability » {roughly) thst the search reduees to a
plN-elament search, snd probability ¢ thet it reduses fo & ¢ -slemunt search, after the
first comparison, When N B large, we may ignore the smali-order effoct caused by the
fach that ¥ and ¢ aren’t exacily infegers.

2) Bhow thab O(N) = logy ¥ satisfies thess relations exacly, for & certain ehoiee of
b, for Binary snd Fibenacrien search, this value of b sgress with the formulas
derived earlior.

B) A man srgues s follows: “With probability p, the sise of the interval being
soanned in $his algorithen is divided by 1/p; with probability ¢, the interval size
js divided by 1/¢. Therefore the interval is divided by p- (1/p} g~ (1/g) = 2
on the averags, so bhe algorithm ie sxaetly as good as the binary search, regardless
of p and ¢ Is there anything wrong wish his argument?

21, {80} Draw the binury tres corresponding to interpolation search when N = 10.
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22, {3647 Derive formulas which property es’r.i‘xzaate tihe wverage number of Berations
needed In the interpolation search applied Lo random dada.

» 23, {25] The binary search slgorithm of H. Bottenbruch, mentioned at the close of
this seetion, avoids testing for equality until the very end of the sesrch, (During the
sigorithm we know that K £ K < Kagy, and the case of eguality is not examined
uti { = .} Such a frick would make Program B run 5 Hitle bit faster for large ¥,
sinee the “JE” msiruetion could be removed from Hhe Inner loop, (However, the idea
wouldn't really be practical since Ig & is wsually 2mallk: we would need & > 2% in
order to compensate for the extra iterajion neecssary i

Show that every search algorithm corresponditg to & binary tree can be adapted
to a sesrch algorithm that uses two-way branehing (< va. 2} st the internal nodes
of the tree, in place of the three-way branching { <, =, or >} used in the text’s dis-
cusston, In partieular, show how to modify Algorithm O in this way.

» 24, {231 The complete binary tree is & convenient way to represent a minimum-path-
length tres in eonsecutive lovations, (C, Seotion 2.3.4.5.) Devize an efficient seareh
method based on $his representation. [Hent: Iz it possible to vse muliiphication by 2
inshead of division by 21In s binary search¥]

» 25, [M25] Buppose that a binery tree has ac internal nodes and b, exlernal nodes on
tevel k, for ko= 0,1, ... . [The root & ad fovel zers Thus in Fig. 8 we have
(on, asy ..., a5 = (1, 2, 4 4 1, By and (g, by, ..., bs) = (6,0, 0,4, 7, 2. (x) Bhow
that thers js a simple slgebrale velationship which sonsects the peperating funcbions
Abn) = Tomrt and Bis) = 3.Be° (b The probability distribution for a suseessful
geprch in o Dinary troe hes the generdting funection ¢lz) = 2445/ N, axd {or an wnane-
cessful search the penerating {unction is Alz) = R{z}/{¥ <~ 1}, {Thus in the taxt’s
notation we huve Oy = mesn{g), O = manafh), and By, (2) gives a relation between
these quantities.) Find o relation befween var{g) and var(h).

26, {381 Show that the Fibonacel tree s rolated to polyphase mergs sorting on three
tapes.
27, [Mag (HL 8. Stene and Johin Linn} Consider n sesreh provess which uses &
processors simulianenusly, and whick is based solely on comparisens of keys. Thus at
avery step of the zearch, kindices 1, ..., £y are specified, and we perform & simulta-
necus somparizons; if K = K for soms j, the seareh terminates suceessiully, otherwise
the search proceeds to the next step besed on the 2% possible sulsomes K < Ky, or
K> E,lLi<n

Prove that such a process mush niways take at least approximately loge,1 N stops
on the average, a8 N — o, assuming that each key of the table is equally likeddy B a
search argumeni, (Hence the potentisl moervease In epeed over foprocessor binary
soarch is ondy g factor of Iz (b4 13, not the factor of & we might expert, In this sense
it s more efficient fo assign each processor to o different, independent ssarch problem,
insfead of making them eouperats on a single search.)

6.2.2. Binary Tree Searching

In the preceding section, we learnsd that an implelt binary tree structure
makes it easier to understand the bebavier of hinary search and Fibonacciab
search. Fora given value of N, the $ree corvesponding o binary search achieves
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the theorstical minitaum number of comparisons that are neeessary to search
a tabie by maans of key eomparisons. But the methods of the preseding section
are appropriste matnly for fixed-gize tables, sinoe ths sequential sfocation of
records makes inserbions and deletions rather expenmve. If the iahle is dynam-
ically changing, we might spend more time mamdaining it thas we save in
binary-searching it. '

The use of sn explicit binary tree structure makes 1 possible to insert and
delate recorcs quiekly, as weall as to pearch the fable efficiently. As & remult,
we essentiaily have a method whieh is useful both for searehing and for sorting.
Thiz gain in fexibility i achisved by adding twe link fields to each record of
the table.

Technigues for searching a prowing iable are often ealied symbol fable
algorithms, because assemblers and compllers and other system routines gen-
erally use such methods to kesp traek of user-defined symbols. For example,
the ey of cach record within a eompiler might be o syvimbolic identifier denoting
a variable in some FORTRAN or ALCOL program, and the rest of that record
might contain information about the type of that variable and s storage
allocation. Or the key might be & symbol in & WIXAL program, with the rest of
the record containing the equivalent of that symbol.  The tree search and
insertion routines to be desoribed in this sestion are guite efficient for use as
gymbol table slgorivhms, especistly in applications where it Is desirable to print
out & bt of the symbols in alphabetic order. Other symbol table algorithms
ara deseribed in Sections 6.3 and 6.4

Figure 10 shows a binary search {ree containing the names of eleven signs

CAPRECORN

AN

Fig. 18. A binary search free.

R
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of the zodiae. If we now search for the twelfth name, SAGTITTARIUS, starting
at the root or apex of the tree, we find it 1s greater than CAPRICORY, sc we mave
o the right; it is greater than PISCES, so we move right sgain; it is less than
TAURUS, 80 we mave left; and it is leas than SCORPID, so we arrive ab external
node [B1. The search was unsuccessful; we can now @nser! SAGITTARIUS ab the
place the search snded, by linking It into the tree in place of the extsrual node
[§]. In this way the table ¢an grow without tha necessity of moving any of
the existing records. Figure 10 was formed by starting with an smpty tree
and succesgively inserting the keys CAPRICORN, AQUARIUS, PISCES, ARIES, TAURUS,
GEMINT, CANCER, LED, VIRGO, LIBRA, SCORPID, in this erder.

All of the kevs in the lafs subtree of the root in Fig. 10 are zlphabetically
fess than CAPRICORN, and all keys in the right subtrae are alphabetically greater,
A similar statement holds for the Jeft and right subtrees of every node. It
follows that the keys appear in sirict alphabetic sequence from left to righs,

ARQUARIUS, ARIES, CANCER, CAPRICORN, GEMINI, LED, ..., VIRGG

it we traverse the tree in symelric order {of. Section 2.3.13, since symmetric
order Is based on fraversing the left subiree of each node just before thas node,
then traversing the right subtrae.

The following algorithm spells out the searching and insertion processes in
detal.

Algorithm T {Tree sparch und insertion). Given a iable of records which form
a binary tree as deseribed above, this slgorithm searches for a given srgument X,
If X is not in the table, » new node tontaining K iz incerted into the free In
the appropriate piace.

The nodes of the tree are amumed to contain al least the following fislds:

KEY{P} = key stored in NMODE(P};
LLINK{P) = pointer to left subtres of NONE({F);
RLINK{P) = pointer to right subtres of WIPE(P).

Null subtrees (the external nodes in Fig. 1) are represented by the null pointer
A. The variabie RDDT points to the root of the tree. For vonvendence, we assame
that the tree i3 not empty (e, ROOT 3 A},

T1, [Enitiadize.] Set P e ROOT. {The pointer varighle P will move down the trea))
2. [Compare] If K < KEY(P), go to 03; if X > xBY{(P], go to T4; and if
K = KEY{P), the search terminetes suscassfully.

T3, [Move Iofs.] TELLINK(F) 32 A, sot P LLINK{P} and go back to T2, Other-
wise go to TS,

T4, [Move right.] H RLINK{P) »¢ A, set P« RLINK{P} and go back 1o T2

T5. [insers into tree] (The search is unsuccessful; we will now put K into the
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trea.) Set Q = AVAIL, the address of & new node. Sel KEY{Q) +~ K, LLIRK(Q) +—
RLEK(Q} +— A, (In prastice, otber fislds of the new node should also be ini-
tislized.) If K wasless thas KEY(P}, 86t LLINK{P} e 0, otherwise set REINK(FP) &~
3. (At this point we could g2t P« Q and terminate the algorithm suecessfuily.} 1l

Thiz algorithm lende iteelf to & vonvenient machine language implementa-
tion. We may assume, for exampls, that the trée nodes have the form

3 T
+ 1 0 JLLI{NK[ RL[I&’K

{1}

KEY
i i i i I

followed perhaps by additional words of DWwa. Using an AVATL Hst for the free
storage pool, as in Chapter 2, we van write the following HIX progran::

Progeama T {Tree search and insertion). rA = K, Il = rli= g

a4 LLINK BQU  2:3
a2 RLIRK BQU 40

g3  START LDA X i T1. Fadfinkize.

a4 1 Ront 1 P« ROOT.

o5 J¥P  oF 1

b . 4H DR DL LRLINK: 832 T4, Mose viphl, @ e RLINK{P}.
0y Ien sy 2 ToTAHQ = A

o8 iH ENTE 0,2 - 1 e

ng WM CHPA 1.1 R 12, Compare,

10 iz 4B ¢ ToTaif K o REY(F)

11 JE JUCUERS 1 Ext iF K o= XRY{P).

FEi4 Ehe O, LRRDN Cl o 8 18, Move lefi. § « LLINK{P}.
1 JEHZ 1B €1 - 8 To T2 if Qe A

i4 58 LE2  AVALL 1 8 TE, Fnsert tuto tree,

15 dp2 OVERFLOW 18

18 L&Y 0,2{RLINK} 1 &

I 5T% AVAIL 1 8 0 &= AVATL.

I8 574 1,2 1 - 8 KEY{G) o K.

19 SE2 0.2 1 — & LLINK(Q) + RLINK(Q) «~ A.
o Ji. AF 3o § Was K < KEY{P}?

8! Iz 0,L{RLINK) A RLINK(F) — @

52 JHE O R A

23 1K 5T2 0,1 (LLINK) 18— A LLIRK (P} o+ Q.

24 DONE  BOB 0+ i —8 Txit after insertion. Il

The: first 13 lines of this program do the seareh; the lagt 11 lines do the
insertion. The rusring time for $he searching phase is (70 4 €1 — 38 + 4,
where

¢ = number of cormparisons nade;
1 == number of times K < KEY(P);
& = 1if the search is suscessful, O otherwise,
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T¥. Mitialize

> SULUEST

RLIRK = A

T2 Compare |
- K

T3, Move left £

LLINK =

Fa. Tazert into dree

Fig. E1. Tree search and msertion,

On ths aversge we have 01 = HC -+ &), since 01 02 = Cand C1 — & = (2
so the running tioe is sbous (7.5 — 2.58 -+ 4iu. This compares favorably
with the binary search algorithms which ase an implicit tree {of. Frogram 6.2.10).
By duplicating the code as in Program 8.2.1F we could sliminate line OR of
Program T, redusing the running Hime o {8.5C ~ 258 8lu. If the search
is unsuecessiul, the-insertion phase of the program costs an extra 14w or 15,

Algorithm T ean be conveniently adapted fo varsable-tength keys and vari.
able-length revords. For example, i we allosate the svailable space sequen-
tially, in a lnst-in-first-oud manner, we ean easily erente nodes of varying sise;
the first word of (3} could indicate the aize. Bince this is an efficient use of
storage, symbol table alporithms hased on trees are aften especially atfractive
for use in compilers, assernblers, and loaders.

But what about the worst case? Programmers see often sheptical of Algo-
rithm T when they first ses if. I the keys of Fig. 16 had been eniered into the
tree in alphabetic order AQUARIUS, . .., VIRED instesd of the ealendar order
CAPRICORN, . . ., SCORPID, the aslgorithm would have buil & degenerate iree
which essentislly specifies & sequential zearch. (All LLINKS would be null)
Himilarly, if the keys come in the uncommen ovder

AQUARTUS, VIRGU, ARIES, TAURUS, CANCER, SCORPIO,
CAPRICORN, PISCES, GEMINI, LIBRA, LED

wa obiain o “zlgzag” tree which iz just as bed. (Try D

On the other hand, the partioular tree in Fig. 10 requires only 344 compari-
sons, on the average, for a successful search: this is just a little higher than the
minirmum possible average number of comparisons, 3, achievable in the best
Possible binary tree.

When we have a fairly well-balaneed {ree, the search time is roughly pro-
portional 4o log N, but when we have a degenerate iree, the search fime
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roughly proportional to N, Exercise 2.3.4,5-5 proves that the average search
time would be roughly proportional to /N if we considered sach N-node
binary tres to be erqually iikely., What behavier can we resliy expess from
Algorithm T7?

Fortunately, it ean be proved that tree search will require only about
2In N =~ 1,38 g N compsrisons, if the keys are inserted into the free in
random order; well-balaneed frees are common, and degenerate trees are veyy
rave.

There is o surprisingly simple proof of this fact. Let us assume that each
of the N1 possible erdevings of the N kevs is an cqnally likely requenee of inser-
tions for building the free. The munber of comparisens needed to find a key 13
exnetly one more than the number of comparisons that were needed when that
key was entered into the tree. Thersfore if Ox 15 the average number of com-
parisons wvelved in » suceessiul seareh and CF is the average number in an
unanceessful search, we have

O = 14 GOE b G, @

But the relation between internal and exfernal paih length tells us that
cwm(1+§¢)0;v——1; ®
thiz is By, 6.2.1-2. Putting this together with {2) yields
N+DCh = 2N+ O+ 01+ -+ Oy Y
This recurrence is easy to solve. Subtracting the squation
NCkea == 2N — D+ Ch+ 01+ +Choas
wa olrtain
(N DCE — NCjog = 2+ 0y,
Of = Chq + /N + 1),
Binee €] = 1, this means that
O == DHy oy — 2 Gy
Applying {3) snd stroplifving vields the desired resull

cym2<1+~i;>z{y—m3. (8}

Exercises 6-8 helow give more detailed information; it is possible to ecompute
{he sxach probability distiibugion of Oy and O}, not merely the average values.
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Tres insestivn sortieg. Algorithm T was developed for searching, bat it can
also be used ss the basis of an internal sorfing algorithm; in fach, we can view
it a9 8 natural generalization of list insertion, Algorithis 5.2.11. When properiy
programmed, ifs average running time will be only & little slower than some
of the Best algorithms we discussed in Chapter 5. After the free has been eon-
structed for all keys, 5 symmetric tree traversal (Algorithm 2.3.1T) will visis
the records in sorted order.

A few precantions are necessary, however. Note that something different
needs to be doue if K = KEY¥{P} in step T2, since we are soriing instesd of
searching, One solubion is to tread K == KEY{P} exactly as if K > KBY{P):
this lsade to a stsble sorting method. (Note, however, that egual keys will
not necessarily be adjacent in the free, they will only be adiscent in symmetrie
order.} If many duplicate keys are present, this method will cause the free fo
got badly unbalanced, and the sorting will dow down. Ancther idea 1= to keep
a list, for each node, of all records having the same key; this requires another
link field, but it will make the sorting faster when a lot of equal keys cecur.

Thus if we are interested only in soriing, not in searching, Algorithm L
isn't bad; but there are botier ways to sort. On the other Liand, # we have an
application that combines searching and sorting, the tree method can be warmly
recommended.

It is interesting to note that there is a stroug relation between the analysiz
of tree insertion sorting and the anslysis of partition exchange {“guicksors”),
although the methods are superficially dissimilar. ¥ we successively insert N
keys into an isitlally empty tree, we make ihe same average number of conm-
parisons between keys as Algorithm 5.2.2Q does, with minor exceptions. For
exampls, in tree ingertion every key gety compared with Ky, and then every
kay less than K, gets compared with the first key Jess than K, ete,; in quick-
sort, every key pets cotopared to the first partitioning element K, and then
every key less than K gets compared fo a particular element less than K, ete.
The average nursber of comparisons needed In both cases is NCp.  [However,
Algerithm 5.2.2Q actually makes a few more comparisons, in order o speed up
the inner loops.}

Deletions. Sometimes ws want to make the compuier forget one of the fable
entries it knows, 1t is ensy fo delete n “leaf” node {one in which both subtress
are ampty), or to delete & node in which either LLINK or RLINK = A; but when
both LLINK and RLINE are non-nnll pointers, we have to do something special,
ginee we can't pont twoe ways at onee.

For example, consider Fig. 10 again; how ean we delete CAPRICORN? One
golution is to delefe the next node, which always has a null LLIRK, then reinsert
it in place of the node we really wanted to delete. For exampls, in Fig. 16 we
could delete GEMINI, then replace CAPRIDORN by CEMINI. This opsration pre-
serves the sssential left-to-right order of the table entries. The following slgo-
rithm gives a detailed deseription of one general way to do this.
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Algerithm U (Tree deletfon). Let ¢ be & variable which points t0 a node of
binary search troe represented ss in Algerithm T. This algorithm deletes that
node, leaving a binary search tree. {In practice, we will have either § = RODT
or § == LLINK{P} or RLIMK{P) in some node of the free. This algorithm resets
the value of @ in memory, to reflest the deletion.)

P, (T8 RLIEK null?] Bet T g If RLINK{T! = A, sed @ « LLINK(T) and go
to D14

Bz [Find successor  Het Roe— RLINE(T).  IF LLINRIR} == A, met LLINK(R}
= LLIRK(T), § + R, and go to D4

L Fing mull LLINE] Set § e~ LLINK{R). Then if LLINKIS) & A, set Re~ S
and repent this step undl] LLINK{S) = A, (At this point § will be equal to
g%, the symmetrie suceessor of Q) Finally, set (LIBK(S) # LLINK(T},
LLINK{R} «— RLINK{S}, RLINK{S} e RLINK{T}, Q+ &

P4, [Free the node Set AVAIL += T {i.e., retur the deleted node to the free
storage pool). |

The reader may wish to try this algorithm by deloting AQUARIUS, CANUER,
and CAPRICORN from Fig. 10: each case Is slightly differept. An slert reader
may have noticed that no speeial test has been made for the ease RLINK(T) # 4,
LLINKIT) = A; we will defer the disoussion of this esse unti later, since the
algorithm s it stands has some very inleresting propervties.

Since Algorithm 12 iz quite unsyrametsical between lefi and right, it stands
%o reason that & ssquence of delotions will make the tree get way out of balancs,
so that the efiniency sstimates we have made will be invahid., But deletions
don’t actually make the trees degenarate at alll

Theorem H {1, N. Hibhard, 1982). After a readom slemeni 8 deleled from o
rardom tree by Adgorithm D, the resuliing tree 13 il random.

[Nonmathematical readers, please skip to (11] This statement of the
theorem is, of course, very vagus. We cun sumnarize the situation more pre-
cisely as follows: Let 3 be a tree of » sloments, and let P8} be the probability
that 3 oeeurs if ita keys ars inserted in random order by Algarithm T\ Bome
treos are more prohable than others, Let 9(3) be the probability that & will
oecor i 7+ 1 elements are inserted in random order by Algorithm T and then
o of these elements is chosen st random and deleted by Algorithm D. In
ealeulating P(3), we assume that the n! permutations of the keys are equally
tikely; in caloulating O€3), we sswume that the (n -+ I - (n 4 1} permutations
of kovs and selostions of the key to deleie are equally likely. The theorem

states shat P{8) = @0} for all 5.

Proef. We are faced with the fact thut permutations are equally probable, not
trees, and therefore we shall prove the resuit by considering permudofions s
the random objects. We shall defing a deletion from a permutation, and then
we will prove that “a random element deleted from a vandom permatation
{eaves a random permutation.”

3
2
3
;
H
H
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Let @y . .. aagy be a peromtation of {1, 2, ..., n -+ 1}; we want to define
the operation of deleting o, so as to obtain a permudation dhy . . b, of
{1, 2,...,n}. This opesstion should correrpond to Algorithios T and B, 20 that
if we start with the tree constructed from the sequence of insertions gy, 6y, . . .,
@n: and delete 4;, renumbering the keys from 1 to n, wa obhiain the fres con~
strueted from bibg ... ba.

Hartunately it is not hard to define such s deletion operntiom. There are
two cafes: '

Cuse 1! g; == n - 1, or 6;-+ 1 == @; for some § < 1. (This iz essentially the
eondition "RLINK{a;) = A."} Hemove e; from the sequence, and sub-
tract umby from each slemont groater than a,.

Case 8: a; -+ 1= g; for some j > ¢ Replace gy by g;, remove o; from itg
original place, and subtract unity from each element grester than au.

Far example, suppose we have the permutation £ 6§ 1 3 5 2. If we circle
the slement whith is to be dsleted, we have

@61352=45182 46:1®52=35142
4@1852=41352 4613Me~=45132
A6D852=53124 46185@=35124

Binee there are (n 4 1) - (a -+ 13! poseible deletion cperstions, the theorem will
be esteblished if we can show that every permutation of {1, 2, ..., n} is the
result of exactly (n - 13¥ deletions.

Tet bybs . .. b, be apermutation of {1, 2, ..., n}. We shall define (n 4 1)*
deletions, one for eath pair 4, 7 with | < 4, j % »n - 1, az follows:

i+ < 7, the delsiion is

¥ B BB BB R 109G LB M

Hers, as below, B stands for either be or I -+ 1, depending on whether or net
by is less than the cireled element. This deletion corresponds to Case 2.
If £ > 4, the delption i

By b (B b bl {8)

this deletion fits the definition of Case 1.
Finally, ¥ 4 = 4, we have another Case 1 deletion, namely

.. bl b )

Az an example, lat 7 ~ 4 and consider the 25 delstions which map into
3142
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o £ 2 t = 3 G b g = §

@3142 4@152 41@a2 415P2 41523
Beis2 3Hraz 42853 42503 43530
@452 4@2ss zi®4r 315@2 31520
@iv4az 2DH383 Fi1@52 314®2 41530
Fe=5 @1524 4®s53z si1@es 415803 314208

The cireled element is always in position ¢, and for fixed { we have clearly
sonstructed n 4 1 different deletions; hemee (n -k 1)¥ differant deletions have

been constructed for each permutation Dby .. . b Sivee oaly (- 1l dele-
Hioms are possible, we mugt have found all of them. 1

i
e Ln B e

f

The proof of Theorem H not enly tells us about the result of deletions, it
algod helps us anslyze the running time in an average delesion. Exercise 12
shows that we can expect to execufe step D2 shightly less than half the time, on
the average, when deleting a random element from a random table.

Les us now consider how often the loep in step D3 needs to be performed:
Bupposs that we are daleting a nede on level [ and that the exierned node im-
mediately following in symmetric order iz on level & For example, i wo are
deleting CAPRICORN from Fig. 10, we have I = G and kb = 3 since node s e
leveld. k=11, we have BLINK{T) = Adnstep Dl;andif & > I+ L, we
will Bet 5+ LLIMK{R} exnetly & - 1 — 2 times in step D3, The average value
of [iz {internal path length} /N ; the average velue of £is (sxtternel path length —
diztanece to leftmost external node)/N, 'Fhe distance o the leftmest external
node is the sumber of lefi-to-right minims in the Insertion sequence, so it has
the averags value Hy by the analysis of Seetion 1.2.10. Sinee external path
length minus internal path longth iz 2N, the average value of &k — { — 2 i
—Hn/N. Adding to thiz the average number of timesthatk — [ — 215 —1, we
goe that the opsration § ¢~ LLINKIR} in sivp D3 5 performad only

3+ G- Hel/N (10)

#imes, on the sverage, in a random deletion. This is reassuring, since the worst
case can be pretly slow (ses exercise 11},

Although Theorem H i rigoroualy true, in the precise form we have stated i,
it connot be applied, sz we might expach, 10 2 seguence of deletions foilowed by
insertions. The shape of the tree ¢ vandom  afier deletions, but the relative
distribution of values in a given tvee shape may change, snd ¥ turns oub that
the st random ipsertlon after delefion aotually  destreys the randomnpess
property on the shopes. This stertling fact, fret observed by Chary Hnoth in
1972, voust be sesn to be belioved (of, exercise 15), Empirical evidencs suggesis
strongly thet the path length fends to desresse after repeated deletions and
insertions, so the departure from randomess seems 10 be in the right direstion,
a theoretioal explanation for this behavior is sl lacking.
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As mentioned above, Algorithm 1) does not test for the case LLINK(T} = A,
although this is one of the easy cuses for deletion. We could add 2 new step
between D1 and D2, namely,

D15, s LLINK null?] If LLINK(T) == A, sob  «— BLINK(T) and go to D4
Hixercise 14 shows that Algorithm D with thiz extra step always leaves a free
that s at least as good as the originnl Algorithm I, in the path-length senss,
and sometimes the result 8 even better.

Frequency of access. 5o far we have assumed that each key was equally Likely i
a3 a search argument. In a more general situation, let g be the probahility
that we will search for the hth element inserted, where gy -+ -+ -b gy = L
Thent a straightforward modification of Eq. {2}, if we retain the assumption of
random order so that the shape of the free stays random, shows that the average
pumber of comparisons in a sucesssful seareh will be

1+ 3 pQ@H~ D=2 3, miy— L {11)
fSka N 1ChREN

{C. Eq. (5).)
For example, if the probabifities obey Zipl's law, Hq. 6.1-8, the average
number of comparisens reduees to
Hy — 1+ B/ Hy (12
if we insert the keys in deereasing order of importance. (See exercice 18} This
fs about helf as many comparisons as predieted by the equal-frecuency analysis,
and it is less comparisons than we would make using binary sesreh.

Fig. 12. The 31 most comunon English words, inserted in decreasing order of frequency.
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For example, Fig. 12 shows the tree whicl: results when the mest common
31 worde of English are entered in decreasing order of frequency. The relative
frequeney Is shows with each word [of. Cryplanalysis by H. F. Gaines {New
Yark: Dover, 13663, p. 226]. The svearage mumber of comparisons for o sueccesiul
gearch in this irse is 4.042; the corresponding binary search, using Algorithm
8.2.18 or €, wenld reguire 4.39F comparizons.

Optimum binary search trees. Thess considerations make it natural to ask
about the best possibie tree for searching a table of keys with given frequencies.
For example, the optimum tree for the 81 most eommoen English words is shown
in Fig. 13; it requires only 2,437 comparizsons {or an average successful search.

Fig. 12. Optimum sesrch tree for the 31 most eommon English words.

Lef us now explore the problem of finding the optimum tree. When N = 3,
for example, let us sasurne thai the keys K| < K. < K3 hove respective preb-
shilities p, g, r. There are five possibie frees:

i {if w

Costi 3p - g4+ 2p+ 8¢+ p g+ p+3r+ A+ 2g+E

Figurs 14 shows the rapges of p, g, r for which #ach tree is optimurn; the balanced
troe is bewi ahout 45 peveent of the time, if we chouse p, ¢, » at random (zee
exarcisae 215,
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(1, 0, i) # % 60, 0, 1)

0 h

Fig. 14. If the relative frequencies of (K, Kz, Ks) are {p, ¢, v}, this graph shows
which of the five trees o {18) is best. The fact that p-k g+ 7 = 1 makes the graph
two-dimengionsl although there are three coordinates,

Unforfunately, when ¥ is largs there are
(E;f) J 1y = AN

hinary frees, so we ean’t just try them all and see whicl is best. Let us therefore
study the properties of opfimum binary search trees more closely, in order to
discover o better way to find them.

8o Far we have considerad only the probabilities for a mucsessful search; in
practice, the unsuncessful case ranst usuaily be considered a8 wall. For example,
the 31 words 1n Fig. 13 account for only about 36 percent of typiesl English
text; the other #4 percent will eertainly influence the structure of the optimum
search tree.

“Fherefore let us set the prohlers up in the following way: We nre given
s -+ 1 probahilities py, g, .., P and go, @1, -, G, Where

p; == probabiliby that K i the search argument;
g; = probability that the search argument lies betwesn K. and Kiya.

{By convention, g, I8 the prebability that the sesrch sygument is less thar Ky,
and g, is the probability that the search argument is greater than K.} Thus
Probpecb o Pat gok gy b b g == 1, snd we want Lo find a binary
troe which minknizes the expected number of Gomparisons in the seareh, namely

3 opsllevel@y -+ 0+ 3 alevel(lE, (8

I5sEn Buk=a ¥
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Wh&[‘&@ifi the fih internal node in symmetrie order and | k] ls the (B 4 119t ex-
ternal node, and where the rood has level gero, Thua the expented numbsr of
comparisons for the binary tree

8 g + 2py b 3gp -+ 8py + Bgy -+ pa - ga. Let us eall this the cosf of the tree;
and let us say that a minimumecost trae is optsmum. Tn {lns definition there is
10 need 10 require that the p's and ¢ sum to unity, we can sk for a mirdmum-
cost free with any given seguence of "weights™ oy, .. ., Pai ger - - -, Gn)-

We hove studied Huffmen's procedure for construeting trees with minkmum
weighted paih length, in Seetion 2.3.4.5; but that method vequires all the p’s
i be zern, and the tres it produces will usually not have the external node
weights {gg, . . ., gut 1 the proper svmmetric order from left to right. There-
{ore we need another approsch.

The principle which saves us is that ol sublrees of an pplémaum iree are opts-
pyor. Fop example if (13} is an optimum sree for the weighis {(p1, Py, 23;
6. 41, Oz, ga), then the feft subtres of the roo$ must be optimum for {n;, pe;
o, F1, §2; Bny Hnprovemsnt to a subtres leads fo an improvement in the whole
tree.

This prineiple suggests & computation procedure which systermaticaily finds
larger znd larger aptimum subfrees. We have used much the seme ides 1n
Hection 5.4.9 & construst optimum merge patferns; the general spproach is
known as “densmie programeming, ” and we shall consider it farther in Chapter 7.

Let ¢(%, 73 be the cozt of mn optimum subires with weights (o0, . .., Py
Gip ooy ga;oand led wid 73 = pegy 4+ -0 4 g ge b ook g7 be the sum of
all those weighta; ofd, 7} and w(z, 7} are defined for 8 €4 £ 7 £ n. It follows
that

o4, ) = 0,
o, 4) = s, ) + min {oi, k — 1) -+ olk, ), for i<g, (18
Tk

since the minimum possible cost of a tree with root @ mwld, ) Leld k- 1)
elk, 7). When < < 7, let B(2,7) be the set of all b for which the minimum is
achieved in (18); this set apecifies the possiblo roots of the optimum {rees.

Bauation {16) makes i posaible to svalunte ofd, D forg — v == 1, 2,3, ..., 55
there are about dn? such values, and the minimization operation is carried ount
for about &% valnes of k. This means we can defermine an optimum tree in
O4a®) untts of time, uing O{n®) cells of memory.
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A factor of n ean actually be removed from the running time if we make
use of & “montteninity” property. Let {4, 7} denote an element of B{ 73, we
reed not compute the entive set B, 1), 4 slugle representative is sufficient. {nee
we have found {6, 7 — 1) and v(7 < 1, 7), the resuld of exercise 27 proves thab
wa may always agsume that

rid — 1) S rE ) S L an

when the weights are nonnegative, This limits the search for the minimum
ginge only o{i -+ 1, 73— #(d, 7 — 1) + 1 values of & need to be examined in (18)
instead of § — 4. The total smount of work when 7 — 1 == d is now bounded by
the telescoping series

Y, GE+ LA i -1+ 1)
sisn mrlm e d b Lm0 d — D) dn— d <

henoe the tobal running fime is vedueed to G0}

The foliowing algorithm deseribes this procedure in detail.
Algorithm K (Fond oplomum binary search dreesy. Given 2n 4 1 nonnegative
welghts {(Dy, . -+, Bal oy - -+ » ¥}, Uhis algorithn: eonstructs binsry trees 5, 7
which have miniraum eost for the weights {bogy, ..., P4 d0 - ., ) i the sense
defined above. Three srrays are computed, namely

ele, 71, for €157 <n, the cost of 23, J);
rii, 7, for 0<i<j<n, she root of 14, 7}
wl, 51, for Q<4< i<n, the total weight of i(s, ).

The resuits of the algorithm sre speeified by the » array, 14 = 7, ¥, §) dsoull;
clee tta loft subtese is 205, v, 71 — 1) ned itg right subtree is t{rlf, 71, 7).

K1 {Intialize.] For 0 £ v £ n, set ol 7] e O and we, @] o= ¢ and wff, j] e
wlg, 7 — U -+p;+g; for 5=4-+1,.. .,n Then for 1 £ 75 =n set
aff — Lflewlf — 1,71 and »lf — L, jT+-4. (This determines sl the
1-node optimum trees.)

Ko [Loospond] Dogtep K3 ford == 2, &, .. ., #, then terminate the plgorithm.

Ra. [Loop on j.} {We have already debermined the optimwm srees of less than
d nodes. Thiz step determines all the d-node optimum trees) Do step K4
forj=d,d+1,...,n

K4 [(Find off, 7], 7li, 1) Seti<«—7 — d. Then zet,

eld, fl e aold, 7 4 w30 s gy << i (o B — 11+ ol 51,

and set £[4, 71 to 2 valua of & for which the minimum oceurs  {Exercise 22
proves that o, 7 - 11 < 7l -+ 1,713 1 r
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As an example of Algorithin K, wonsider Fig. 15, which is based on & “key-
word-in-context” {(KWIC) indexing applieation. The titles of all articles in the
first ten volumes of the ACM Journal were sorted $o prepare a concordance in
which there iz ong line for every word of every title, However, certain words
Hke “THE™ and “BQUATION” were felt fo be sufficiently uninformative that they
were left out of the index, These special words and their frequency of otcurrence
are shown in the iniernal nodes of Fig. 15, Nofe thet a title such as “On the
solution of an equation for a certain new problem” would be so uninformative,
#t wouldn’t appear in the index at all! The idea of KWIQ indexing Is due to
H. P. Lubn, Amer. Docwmeniabion 31 (1860), 288-205. (See W. W. Youden,
JACA 10 (1063), 583646, where the full KWIC index sppears.)

e 3266

CLMATTATEGHE

Fig. 15, An opbimim binoyy seared fvee for o KWIC indexing spplication,

When preparing s XWIC index file for sorting, we might want o use a
binary search free in order to test whether or not eash partionlar word is $0 ba
indexed. The other words fall between two of the unindexsd wovds, with the
fraghencies shown in the external nedes of Fig. 15; thus, exactly 277 words
which ars alphabetically between “PROBLEMS” and “SOLUTION" sppeared in the
JACH titles during 1954-1963.

Figure 16 shows the eptimom fres obtained by Algerithm X, with 2 = 35.
The computed valuss of r[0, 1 fori == 1,2, ... ,36are{1,1,2,3,3,3,8,8, 8,8,
8, 8,8, 11, L1, ..., 1}, 21, 21, 21, 21, 21, 21); the values of #[i, 35} for ¢ == O,
..., 84 are (91,91,..., 21, 25, 25, 25, 25, 25, 25, 26, 26, 26, 30, 30, 50, 30,
30, 30, 30, 33, 33, 33, 35, 25).

“The “hetweennsss frequencies” g; have a noticeable effect on the opimum
tree stracture; Fig, 168{a) shows the optimum tree that would have been ob-
tained with the g; set to zero, Similsrly, the internal frequencies py are impor-
tant: Fig. 16(k) shows tha optimum Sree when the p; are seb {0 gere. Consldering
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Pig. 16, Optimum baary search trees based on half of the data of Fig. 152 (8] exfernal
frequencies suppressad, {b) internsi frequencies supprassad.

the full set of fregueneies, the tres of Fig. 15 requires enly 4.75 comparieans,
on the average, while the trees of Fig 16 requirve, respectively, 599 and 5.82.
{A straight Linary search would have been betier than the trees of Fig 16,
in this example.}

Bince Algorithm K requires time and space proportional to n2, it becomes
impraetical to use it when = I8 very large. O course we may not really want
to use binary search trees for large n, in view of the other search techniques fo
e discuseed later in this chepter: bus let's apsume anyway that we want o
fnd an oplioum or nearly opimam tree when % is large.

We have seen that the ides of inserting the keys in order of :Eeeréasing
frequency can bend to make a fairly good iree, on the average; but it can also
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he very bad (see exercise 20}, and it Is not vsually very near the optimum, since
it makes no use of the y; weights. Another approach is fo choose the root k so
that the weighis w{0, & — I} and wi(k, ») of the resuliing subtrees are ss near
to being egual as possible. This appronch slso falls, becanse 15 may choose o
nade with very small 12 to be the roat.

A fairly satisfactory preeedure can be ohiained by combining these swo
methods, as suggested by W. A, Walker and C. C. Gotlieh [Graph Theory and
Computing (Avademic Pregs, 1872), 303-323]: Try to equalize the left-hand and
right-hand weights, but be prepared to move the oot a few sieps to the left or
right to find o node with relatively laree pp. Figure 17 shows why this methed
is reasonable; If we plot ¢{0, & — 1) - ofk, n} as & funetion of k, for the KWIC
duta of Fig. 15, we sos that the result is quile sensitive to the magnitude of pa.

o offf, & Liobalk, mrbwil, 0
w{{, #}

w
=

[ &3
I
Frequency, ps

Winimum sverage cosh of a tree with root &

i 11

0
L3 32 7T 8 11 1% ia 1¥ 18 24 093 28 27T g 31 3% 35

Fig. 17. Dehavivr of the cost as 2 {unetioh of the roots k,

A “top-down” method such as this can be used for large o 10 choose the
1oot and then to work on the left and the right subtrees. When we gotf down
i a sufficisntly small subtres we ean apply Algorithm K. The resulting method
yields fairly good frees {(reportedly within 2 or 3 peresnt of the optimum), and
H requires only O(n) units of space, O{n log n) nnits of time.

*The Hn-Tucher algorithm. In the special case that all the p's are zero, T. C. Hy
and A. C. Tucker have discovared a remarkable “botfom-up” way to constroct
optinurn trees; if appropriaie data struetures arve used, thelr method reguires
Gny unitas of space and O0n log n) units of time, and i construets 2 tree which
i reaily optimum (aot just approximately so).

The Hu-Tucker algorithm can be desoribed as follows.
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« PHASE i, Combination. Start with the “working sequence” of weizhis
written Inside of external nodes,

i SR (R (18)

Then repestedly combine tweo weights ¢ and g, for ¢ < § into a singls weight
g; + ¢, deleting the node containing g; from the working sequence and replac.
ing the node containing g; by the infernal node

This eambination is to be done on the unique pair of weights (g, 0;) sebisfying
the following rules:
iy Noexternal nodes oecor between gy and ;. {This 18 the most important
rule which distinguishes the algorithe from Huffman's method.)
1y The sum g -+ g7 s minimum over all (g, ¢;) satisfving rule 43,
Hiy The index ¢ 13 minimam over all (g, ¢;) eatisfying rules (3), (i),
v} The index 7 is minimurm over all (g, ;) satisfying tules (), 41}, (G

» PHASE 2, Level assignment. When Phase 1 ends, there is a single node left
in the working sequencs. Mark 14 with level number 0. Then vude the steps
of Phase 1 in reverse order, marking level numbers of the corrasponding tree;
i {19) haz level , the nodes containing ¢, and g; which formed it are marked
with leval I + 1.

+ PHASE 3, Recombination. Now we have the working sequsnee of sxdernal
nodes and lovels

Irz h @u R P

The interhal nodes used in Phases 1 and 2 are now distarded, we shall create
new ones by eombining weights {4, ¢;) sceording to the following pew rules:

iy The nodes sontuining o and o must be adiscent in the working
sequence,

iy The levels & and {; must both be the maximum among all remaining

levels.

11" The index ¢ must be minlmum over all (g, ¢ satisiving {7, (0.
The new node (18) is assigned lavel I; — 1. The binary tree formed during this
phage hss minimam weighted path lengih over all binary frees whose external
nodes are weighted g¢, 71, . . ., §n from left to right.

Figure 18 shows an example of this algorithm; the weights ¢ are the r}el&tive
froqueneios of the letters 4, A, B, ..., 2 in English text. During Phasd 1, the
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first node formed is (§), combiring the 1 and ¥ frequencies; then the node (9
18 formed (combining P and ¢}, then

68686 0§6 @ a a @,

ab this point we have the working sequence

Beal 6 €7 (I B F B EGHEHEHS. oo

Rule {1} allaws ue to combine nonadissens weights only if they are ssparated by
internal nodes; so we can combine 87 - 87, then 83 -+ 51, then 58 + 84, ete.

The level numbers assigned during Phase 2 appear &t the right of each
node in Fig. 18, The recombination during Phase 3 now yields the tree shown
in Fig. 19; note that things must be associated differently in this tree thes in
Fig. 18, because Fig. 18 does not preserve the lefi-to-right ordering. But Fig. 19
has tha same cost as Fig. 18, sines the external nodes appear #t the same levels
in both trees.

Consider a simpls example where the weights are 4, 3, 2, 4; the unique
optimum tree is sagtly shown to be

(21}

This exarple shows that the two smallest weights, 2 and 3, should nof always
be eombined in an optiraura tree, even when they are adiscent; some recom-
bination phase is needed.

It is heyond the scope of this hook fo give s proof that the Fu-Tucker
algorithm is valid; no simple proof Is known, and it is quite possihle that ne
simple proof will ever be found! In order to illisteate the inhevent eomplexities
of the situation, note thet Phase 8 must combine all nodes into a sinple tree,
and this is not obviously pessible. For example, suppose that Phages 1 and 2
were to conatrict the iree

(22

by combining nodes , @; @, @, n this ovder; this aceords with ryle
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{1}, Then Phass 8 will get stuck after forming

(], Lo, , e, T,

beeause the two level-d nodes nre nob adjacent! Rule ) does not by itself

guaraatee that Phase 3 will be able to proeeed, and 16 i9 necessary to prove that o

sonfigurations like {22) will never be constructed diring Phese 1. :
When implemeoting the Hu-Tucker algorithm, we can maintain priority

guettes for the sets of pode weights which are not separated by externsl nodes,

Far ezarmple, {30) coukl be represented by priceity guenes containing,

respectively,

64 64 57 8T Bl e
136 67 83 57 0 63 o g
‘ 103108 58 f4

@3)

plus information about which of these is external, and aa indieation of leftuto-
right order for braaking tiss by rules (iii} and {iv). Another “master” prioriby
quens can keep track of the sums of the two jeast slements in the other queuvss.
The crestion of the new pode 57 + 57 eanses three of the above priority gusues
to be merged. When priority quoues are represented ag loftist trees {ef Soco-
tion 5.2.3), each combination stap of Phase 1 reguires at most ({log w) opera-
tiong; thus Oin log n) eperations suffice sz » — oo, OF course for small n 3 will
be more efficient to use A comparadively straightforward G{n®) methed of
implementation.

The optimum bnary tree in Fig, 1% has an loteresting application 0 coding
theory ss well 88 0 searching: Using 0 to stuad for » Jeft braneh in the tree and
1 to stand for a right branch, we obialn the following vartable-length sodewords:

1000 T 1900 R 11061

4 000 J 1901060 5 1161

B 0013100 K 1901081 T 1M}

¢ 00101 L 1ppi6l g 111106

D G011l # 10011 v o111 {24)
E gl ¥ 101G W 111116

P10 ¢ 101t ¥ 11311300

G 010l PG00 T 111110

H Qi o 110601 Zz 111111%

Thus & message like "RIGHT ON” would be encoded by the string

11G0110000110161 11111000010111010.
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Note thas decoding from lef to right is easy, in spite of the varisble length of
the eodewords, becsuse the tree structure tells us when one codeword ends and
another bsgins. This method of coding preserves the siphabetical order of
messages, and it uses an average of about 4.2 bits par letder. Thus the code
gonld be nsed to compress data files, without destroying lexivographic order of
alphabetic information. (The figure of 4.2 bits per letter is minlmum over all
Linary tree codes, slthough it could be reduced o 4.1 biis per letter if we dis-
regarded the alphabstic ordering constraint. A further reduction, preservieg
alphabetie order, sould be sehieved if pairs of letiers instead of single letlers
wears encoded. )

An interesting asymptotic bound on the minimum weighted path length
of search trees has been derived by FE. N, Gilbert and E. . Moore:

Theorem G. If py s pg =+« = By, = 0, the weighled path longth of an ephi-
mum brngry search iree [tee befween

Y oale @) and 204 2 qlz (@),

Ozign Bzian
where ] = 3 gcicn ¢4

Froof. Tao geb the Jowar bound, we use induction on 2. If » > 0 the weighted
external path length is ot lesse

Q-+ Z&q‘- g @i/e0 + 2, @lg (@ —00/e)

i EE A k=izn
= 2 wlg @)+ 1),
Eof oy
for some k, where
Ql = E 73y
H%E <k
and

J@) =0+ 1@+ @~ ) le@—~Q) — Qe

The functicn fif1) is nonnegative, and it takes Hs wivimum value 0 when
Gy == Q.

Ta get the upper bound, we may asstme that @ = 1. Leb es, ..., 6 be
integers such that 27% < g < 24% for 0 £ 7 < n. Construct eodewords ;
of O's and 1's, by using the mest signifieant o; -+ | binary digits of the fraction
S agies @k - 3gs, expressed in binary notstion. Exercise 35 proves thai C; is
never an iniiial substring of £ when ¢ = j; it follows that we can construct &
binary search free correspending to these vodewords. For example when the
o's mre the letter frequensies of Fig. 19, this comsbruction gives (0 = 0081,
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Oy = OO110, ¢ = 01008001, Oy == 0100011, ele.; the tree begins

{Redundant bits at the right end of the codes ean ofien be removed.) The
weighted path length of the binary tree constructed by this general procedure is

< 2 ek Dm e 2 gl /e K
Hxisn Bxizn

The frst part of the shove proof is readily extended to show theb the
weighted path length of every binary tree must be at Jeast oowisa & 18 @/1)
whether or not the weights are required to be in order from left 4o right. (This
fundaments] resulé i3 due to Claude Shannen) “Therefore the left-to-right
constraint does not raise the cost of the minimums free by more than the cost
of two evtra levels, Lo, twine the total weight.

History and biblography, The tree search methods of this seetion were dis-
covered independently by several people during the 1950’s. In an unpublished
mermorandam dated August, 1952, A. 1. Dumey described a primitive form of
tres insertion:

“Clonsider o drum with 2° item storages in i, each having & binary address.
Follow this program:

%y, Read in the first item and store it in address 2873, Le., at the halfway

storage place.
43 Read in the next itam. Compare i with the first,

“3 113t is larger, pub it in address 2270+ 2772 I it de smaller, put it ab
21’;»»2. L ‘»

Another early form of tree insertion was introduced by D. J. Wheeler, who
actunily allowed moltiway branching similur to what we shall discuss in Seer
tion 6.2.4; and » binary bree ingerfion technigue was also independently éevis_%é
by O, M. Herners-Lee fsee Comp. J. 2 (1958], 5.
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6.2.2 BINARY TREE SEARCHING 447

Tha first published descriptions of tree insertion were by P. F. Windley
[Comp. J. 3 {1960}, 84-88}, A. D. Boeth and A, . T, Colin {Infermation and
Contred 3 (18607, 827-834], and Thomas N. Hibbard {JACM 9 (1962), 1528}
All three of these authors seern $o have developed the method independently
of one another, and all three authors gave somewhat different proofe of the
average number of comparisons (8). The three authors also went on fo treat
different aspects of the algovithm: Windley gave a detailed disenssion of tree
insertion serting; Booth and Colin dizcussed the effesi of preconditioning by
making the first 2% — 1 elements form a perfecsly balanced tres {see exereise 4},
Hibbard introduced the idea of dalstion and showed the connection between the
analysis of free inserbion and the aaslysis of guicksord,

The idea of optinem binary search troes was frst developed for the special
Qs 7y = 0. =z P, == 0, in the context of alphabetic binary encedings like
(243, A very interesting paper by B N. Gilbert and E. F. Moore [Ball System
Toch. J. BB (19591, 933-968] discussed this problem and its relation to other
coding problems. Githert and Moore observed, among other things, that an
opiimum tree could be constructed in O(n®} steps, using & methed like Algo-
rithm H but without the monstonieity relation (173, K. B. Iverson {4 Pre-
gramming Longuage (Wiley, 1982), 142-144] independentily considerad the other
case, when 2l the ¢'s are zero. He suggested that an opfinmum tres would be
obtained if the root is chosen s6 as to equalize the left and right subiree prob-
ahilities as much a5 possible; unfortunately wa have seen that this idea doesn't
work. T3, E. Knuth [Acte Informatioe 1 (1871), 14-25, 870} subsequently son-
sidered the case of gensral » and ¢ weights and proved thast the slgorithia could
bareduced to O(n?) steps; he also presented an example from a compiler applica-
tign, where the keys in the tree are “reserved words” in an ALGOL like language.
T, C. Hu had been studying his own algorithm for the p = 0 sase for several
vears; a rigorous proof of the validity of that algorithm was difficelt o find
because of the complaxity of the preblem, but he eventually obtained a proof
jointly with A. €. Tucker in 1000 [STABM J. Applied Math. 21 (1971), 514532}

EXERCISES

1. {45] Algerithm T has been stated ouly for nonempty frees. What changes should
b magde so thay it works properly for the empty teee too?

2. (20} Modify Algorithm T so that it works with right-threaded troes. (UL Bection
2.5.1; symmebric traversal iz easier in such frees.)

» 3. [20} In Section 6.1 wa paw that a slight change to the sequential search Algorithm
618 moade i faster (Algorithen 5.10). Can a similar trick be used te speed up
Algorithm F?

4. [A124} {A. D. Boothend A, J. T, Colin.) Given N keys in random order, suppose
that we use the first 2 — 1 46 construct o perfectly balanced troc, placing 2* keys on
tevel & for 0 < & < ) then we use Algorithm T io insert the remalning keys, What
is the wverage number of comparisons in & successPil search? {Hini: Modily Eq. (3))
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» 3. {325 Thereaze 111 = 39,818 804 different orders in which the names CAPRIGORY,
AQUARTUS, ete. could bave been inserted indo a binsry search tree. {a) How many of
these arrangements will produce Fig. 30?7 (b} How many of these arrangements will
produce s tegenerate tree, in which LLINK or RLINK is A in each node?

6, [M26] Let Py be the number of porbnitations aigs .. - @ of {1, 2, 0. ., 8} sush
that, if Algovithin T is used to insert oy, g, . . ., 4y snecessively Into an initially empty
trie, exactly B comparisons are made when 4, I inserted.  {In this problem, we will
inore the comparisons made when 41, ..., ey were insevied. In the notation of
the text, we have Ch_1 = {1 kPu)/al, since Ehis is the average number of campasi-
sons made in an unsuceessful search of o tree containing » — £ elementis.)

a) Prove that Papre = 2P a1 -F ( — D3P [Hini: Oonsider whether or not

Bra fulls below o, in the tree)]

b} Find » simple formuln for the genorating function Galz) = 3. Pus®, and use your

formula to exprass Pag in terme of Stiding numbers.

) What is the sariance of (a.q !

7. [M86] {5, B, Arors and W. T, Denb) After n elements have béen inserted mbo
an initislly empty tree, in random otder, what is the average number of comparisons
noeded to fud the mth largest slement?

8. [A38] Lot pin, k) ba the probability thet & |3 the tatal internal path kmgth of 5
tree truilt by Algorithm T from » randemly ordered keve. (The interna! path length
i5 the number of comparisons made by Hee insertion sorting as the Liee is buing built.)
{2} Find s recarrence refufion whish defines the corresponding generating fonethon,
{b) Compute the vardance of this distribation. [Severnl of she exercises in Section 1.3.7
may be helpfal herel

g, {41} We have proved thab frec sesreh and nserfion requires only about 2o ¥
comparisons when the kevs are Inserted in vandowm grder; bub in pracsice, the order
may net be random. Maeke empirieal studies $o see how suitable tree insertion really
is for aymbol fables within a compiler and/or assembler. Do the ideptifiers wed in
typical large programs lead to [aidy well-balanced binary search trees?

» 30, (281 Boppose that & programmer 18 dob inferesbed in the sorting properiy of this
algarithm, but he expeess the input will come o with novrandem order.  Discuss
methads by which he can still uge the tree sesreh by makisg the input “appear to be”
i randam order,

It (200 What is the maximum tumber of times S «— LLINK(R) can e performed in
step D3 when deleting & node from a tree of size N7

12, [ME2] When making & random deletion frow 2 rundom tree of N Hems, how often
does step D1 go te 4, on the average? (Bee the proof of Theorem H.)

»13. [B23) I the root of 2 random tree iz deleted by Algorithm T is the resulting tree
53111 random? i

» 14, [82] Prove that the path length of the tree prodused by Algorithm D with step

D4 added is naver more than the path longhh of the tree produced withonk that step.
Find a esse whers step D13 astually decreases the path length.
15. 23] Let cioenses be o permutaiion of {3, 2, 8, 4}, and let 1 < 7 € 8, Take the
onewslement tree with key ey snd wsert ng, a3 using Algotithm T then delete o4 using
Algorithm 12; then mneert g veing Algovithm 7. How rany of the 4! ® 3 possibilities
produce trees of shape 1, I, I, ¥V, V, respectively, in {1337
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» 16, 125 Is the daletion operation commuiative? That is, i Algorithm D & wsed to
delete X and then ¥, 15 the eesulting troe the same as i Algorithm D is geed to delete
¥ and then X7
1%, 1[85] Show that if the roles of left and right ave complesely roversed in Algosithm B,
it iz easy to extend the sigovithm so that it deletes s given node from a right-throaded
tree, presarving the necessary threads. (Cf exercise 2.}

12, [A21] Bhow that Bipfs law yiekds (12},

19, [A783) What is the approximale average number of vomparisons, (11}, when the
tnput probahilities sstisfy the “BO-20” law defined tn Eqs. 51-11, 127

24, [M20] Suppose we have inserted keys into a free in order of decreasing {requency
P12 P12 - 2 pw. Con this tree be substantially worse than the aptimum search
tree?

23, [ME0] If p, ¢ v are probabiiities chosen ab random, subjeet $o the condition that
P g = 1, whatare the probabilities ihat trees £, IE, 111 IV, V of (18) are optimal,
respectively? {(Consider the relstive areas of the reglons in Fig. 14

22, [M25] Prove that #{i, j — 1] is never greater than rfi -+ 1, /] when step E4 of
Algorithm K is performed.

» 23, [Af28) Find an opsimom binsey scarch tree for the case n = 40, with weights
L=, ppEops s mopge = ], goom g o= s = O (Don’t use a
pomputer.}

24, [M851 Given that 2. = ¢, = 0 and that the other weighis are ponnegative,
prove thas an optmum tree {08 (51, . -, Bri g0, -+ - Ga) M8y be obiained by replacing

a1 hy

in any optimum tree o0 01, -0 Buet) OBy v e o 1)
25, 1320] Let A and B be nonempty sats of real nunbers, snd define A £ B if the
following property holds:

fac A, B& B, and < a} impties {fom 8 oand b& AL

{ay Prove that this refaiion iz transitive on nonompty setz. (b} Prove or disprove:
A< Bifandonlyil A< 4UB<E,

26. 1AT28} Lot (B, ..., Pul s - - -, 0a) b0 nonnegative weights, where pn +ga = o
Prove that 25 2 varics from 0 to @, while {py, ..., Ba-l, €0, .. . de1} Bre hold con-
stant, the cost ¢ff, #) of an optimum binary search free is & “convex, coniinuois,
necs.wise linenr” funetion of & with integor slopes. In other wards, prove shat thers
exist positive fntegars by > & 2«0 > I and repl constants e rp < a4y <0000 <
Lo L Toppy = w0 and yo € by < < Y sueh that @ m) = g+ he when
xS B % Taci, fr O S A om,

27. 1448 The object of $his cvereise is to grove that the sets of roots Bl 5 v
optimum hinary seareh trees satisfy :

R i~ DE REH S RE+ L), for §—i23

in terms of the reladion defined in exetemse 25, whenever the weights {p, ..., Px;
40, - - . s Gat 20G nonnegative, The proof s by industion on § — 4; our task is fo prove
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thas B0, » — 1) < B0, n), assuming that n = 2 and that the aboyve refaiion holdsg

for j — 4 < n By leftright symmetry i follows that B0, n) £ R{1, n} }

a) Prove that (G, mn — 13 < RO, n) ¥ o = go = 8. {Sen exercise M.}

B) Leb gm - gn = 2 In the notation of exercise 26, let Ex be the set R{0, ) of
optimuem roots when o < & < Tae:, and lob By be the set of optinum rooks
when & = . Prove that

Rhg Rot RSB 8 BLE R

Hence by part {a) snd exercise 25 we have B{(0, n ~ 13 < B, n) forsll o
{Hint: Consider the pase ¢ = za, and assume thai both the trees

Ho,r = 1) Hr,n 0,5~ 1y s n
at Jevel | at level I

ars optimum, with s < rand § 2> 7. Use the indoetion hypothesis to prove that there
is an opthun free with oot (73 such that is 56 level I, and an optimum free with
root such that ig ot tevel 1]

28, 184 Use some macro-assernlly langusge to define a “optimum Dinsry sesrch”
macro, whost parameter Is & nested specification of an optimum binary tres

20, [£0] What is the wors! possible binary search tree for the 31 most common English
words, using the frequensy dats of Fig. 3127

30. (A6} Prove or disprove that the cozts of optimum binary search tress satisfy
6, i e+ 1,7 — 1 2 eli,j — D+ eld 1,50

81, [M24 {a) I the weights {go, . .., gs} in {22} are (2, 3, 1, 1. 8, 2}, reupectively,
what is the weighted path length of the tree? (b) 'What is the weighted path length
of the epiimen binary search dree having this sequence of weights?

» 3%, {ATRS (T, O, Hu and A, C. Tueker.) Prove thab the new nede weights ¢4 4
forrand during Phase 1 of the Ho-Tucker algorithm are sreated in nondeeransing order,
33. [M4f} Tn order to find the binary sesrch tree which minimizes the ranning time
of Program. T, we should minimize the quantity 7O -+ €1 insiead of simply minimising
the number of somparisons £ Develop an slgorithm which Snds opsimurn binary
search trees when different cosis are associated with left and right branches in the tree.
{Incidentally when the right cost is twice the lafé cost, and the node frequencies ave
il equal, the Fibonaccl trees bum out to be optimum, Cf L. B. Stanfel, FACH 17
{1670), 50B-517.;

34, [41] Write s computer propram for the Hu-Tucker slgorithm, using O{n) unitz
of storaga and O{n log ») units of fime.

35, [A728) Bhow thet the codewords construnted in the proof of Theorem G have the
property that £ never beging with ¢ when € 9 3.

36, [Are6] Geperatising the upper bound of Theoren G, prove that the cost of any
optimum binary searsh tree with nonnegative weights must be less than

28+ g0 Iy S/ge) + 2 (ot g0 tg ($/pe+ 4),

lgian

where 8 = g5+ 71 gies {(pa+ go) in the total waight,
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w37, (M2 (T, O Hu and K. O Tan) Lotnt 1 = 2Lk where 0 & & < 9n
Thers are {% ) binary trees in which all external nodes appear on levels m and m -k 1,
Show that, smong all these trens, we obtain one with the mintmum weighted path
length for the weight sequence {ge, .. ., ga) I we apply the Hu-Toucker slgorithm fo
the weights (M + g0, .., M 40 for sufficiently large 51, ]
38, {4635) (K. C. Tan) Prove {hed, zmong all sels of prebabilifies (py, .., 1
g0, -, @) Wikh pr k- b ge b ook g = 3, the most expensive minimiumn-
tost tros ceeurs when pe = O for aliv, ¢ = @ for sl even 4 and g5 = 1/ T0/27 for all
odd 4 [Hing: Given srbittury probobilitles {pu, .., Pri G e ooy G, lob o = gs,
tew pit g for L4 and S0 = & and for 1 v £ 027 let 800 =
8 — 1)U {73, where oo-b o5 18 mintmum over all ¢ < Fsuch that 4, j & 8¢ — 1)
and RE S — 1) For all ¢ < & <0 5, Uonstroct the bipary tree 7' with the external
nodes of Sin-i- 1 - 3% on level ¢ + 1 and the obher exbernal nodes on level g, where
¢ = Llg n) Prove that the sost of thin tree & <7(e), where f(n) i tha sest of the
optimum search tres for the stated "worst” probabilities]
39, [As0] (€ K. Wong and Shi-Kuee Chang. Consider s scheme whershy 2 binary
search tree is constrocted by Algovithe T, except that whenever the number of nodes
resches s number of the form 2° — 1 the tree is reorganized into o perfectiy-balanced
uniform free, with 2° nodes on level & for 0 < & < n. Prove thal the number of
somparisons made while corstrucking such & tree s N lg N -k (N} ou the aversgs,
(It i not difficull o show that the wmount of time needed for the revrganizations is
OGN}
40, [Ms0) Can the Hu-Tueker algovithm be generaHzed to find optimum trees where
each node has degres st most {7 For example, when t — 3 and the sequence of waights
is{1, 1, 108, 1, 1} the optimum tyee is

€.2,3, Balanced Trees

The troe insertion algorithm we have just Jesrned will preduce good sasrch
traes, when the inpub dada is random, but there 1s shill the annoving possibility
that a degenerabe tree will ooour. Perhaps we eould devise an algorithm which
keeps the tree oplimum gt all thnes; but unforfunately that seems to be very
difficult. Another iden Is to keep track of the tolal path length, and to com-
pletely reorganise the tree whenever its path length evceeds BN g ¥, say.
But this approach might require about ~/N/2 reorganizations ns the tree Is
being built.

A very prebty soluiion to the problem of maintaining 2 good semreh bree
was discoverad in 1882 by two Hussian mathematiclans, (1. M. Adelson-Vel'slni
and . M. Landis {Doklady Akademiia Nauhk SESE 146 (1962), 263-264; English
translalion o Sovied Math. 5, 1250-1263]. Their method reguives only fwo
extra bits par node, and it nover uses more than Otlog N3 operations to seurch
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the tree or o insert an item. In fact, we shall see that their approsch also leads
56 & general technigue that is good for representing arbitrary limesr Iisis of
length N, sa that each of the following operstions can be done in enly Oflog &)
units of fime:

1} Find an item having a given key.
i} Find the kih item, given k.

iii} Insert an item at 2 speeified place.
iv) Delete  sposified item,

If we use secuential alloation for Hnear lists, operations (i) sad (i1} are efficient
but operations (i) and {iv) taks order N steps; on the other hand, if we use
linked allocstion, operations (if) and (iv} are efficient but operations (1) and
(i) take order N stops. A free representation of linear lists can do aif jour
operations in Cflog N) steps. And it 1s also possible to do other standard opera-
tions with comparable efficieney, so that, for example, we can coneatenate a list
of M elements with a list of N elements in Olog(M -+ N3) steps.

The method for achieving all this invelves what we shall call “balanced
trees.” The preceding paragraph is an advertisement for balanced trees, whick
makes them sound ke a universal panacea that makes sl other forms of data
representabion obsolete; but of comrse we cught to have a belaneed attitude
sbout balanced frees! In applications which do not invelve all four of the abovs
operations, we may be able to get by with substantially less overhead and
gimpler prograreming, Furthermore, there s ne advantage to halanced trees
unless NV is ressonably large; thus I we have an efficient method that takes
64 lg N units of time and zn ineffielent method that tekes 28 units of time,
we shoeld use the inefficient method unless N is greater thun 256, On the other
kand, & shouldn's be too large, either; halanced trees are appruprinte ehiefly
for internal storage of dabs, and we shall study better methods for external
direct-access files in Seetion 5.2.4. Since internal memories ssem to be getting
largsr and larger as time goes by, balanced trees are hecoming more and
mere important.

The hetght of  tree is defined to be its mexineum level, the lengtil of the
longest path from the root to an external node. A binary tree is called balaneed
if the height of the left subtres of every node never differs by more than i
from the height of ite right subtree. Figure 20 shows a balanced free with 17
internal nodes and height 5; the halanee facior within each node is shown as -+
., or — secording 5 the right subirvee height minus the left sablree height is
-1, 0, or —31. The Fibonacei tres in Fig. 8 (Section 8.2.1) is another balaneed
binary tree of height 5, having only 12 internal nodes; mosh of the balance
factors in that free are -1, The zediae free in Fig. 10 {Section 6.2.2} is nol
balanced, besnuse the height restriction on subtrees fails at both the AQUARILS
and GEMINT nodes,

“I'his definition of balabce represents a compromise botween oplémim binary
trees (with all external nodes required o be on two adjacent levels) and arbitrory
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Fig, 20. A balanced binsry tree.

binary trees {unresiriesed}. It is therefore natural to ask how far from optimum
4 balanced tree can be. The answer is that its search paths will never be roore
than 45 percent longer than the opthraum:

Theorem A {Adel'son-Vel'skil and Landis). The height of o balanced free with
N iniernol nedes alwaye lies befwraen lg (N -+ 1) and 14404 Ig (V -+ 2) — Q.328.

FProof. A bimary free of height J obviously cannot have more than 2* axternal
nodes; 5o N + 1 < 2°, that is, & 2 [g (¥ + 1] in any binary trea.

In order fo find the maximum valus of 2, Iel us turn the problem around and
agk for the minimaom number of nodes possible in & balanced free of height A
Let T3 be such & tree with fowest possible nodes; then one of the subtrees of the
root, 5ay the left sublree, has height A — 1, and the other subtree has height
Ao 1 or ko 2. Since we want 7y to have the minimum number of nodes, we
may assume that the lefi subtree of the rootis Ty, and thab the right subtres
is Tp. This argument shows that the Fibonaee? free of oxder <4 1 has the
fewsst possible nodes among all possible balaneed frees of height b, (Hee the
definition of Fibonacnd trees in Sestion £.2.1) Thus

N2 Fage— 12 M0G0
and the stated result follows as ia the covollary to Theorem 4.53F. 1

The prood of this theersm shows that a search in 2 balanced tree will require
mare than 25 comparisons only il the tree contains at least Fpp ~ 1 == 196,417
nodes,

Consider now what happens when a new node is inseried inte a balanoed
tree using tree inseriion (Algorithm $.2.2%). In Fig 20, the tree will still be
balanced if the new node tokes the place of {4, [}, (8], [7), [{0], or ,
hut sotee adivstment will be neaded if the new node falls eleewhers. The problem
arises when we have n.node with o balance faetor of 41 whose right sultree
got higher after the inseviion; or, duslly, if the balance factor is ~1 and the left
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subtree got higher. It is not difficult to zee that there are ssseniinlly only swo g.
vases which enitse tronble

(1)

Two other essentially identical nases cvour if we reflect these diagrams, mnter-
changing lsf} and right.) In these disgrames the large rectangles o, 8,7, 8 rep-
resent subtrecs haviog the respestive heights shown., Coase 1 cecurs when &
new element has just inereased the height of node B%s right subtree from b o
A+ 1, and Case 2 ocours when the new element has increased the height of Bs
left subtrea. In the second case, we have sither B = @ {30 that X itself was the
pew pode), or else node X has two sobtrees of respective heights (A — 1 &) or
thy b~ 13,

Simple travsformations will restore balance o both of tha shove cases, while
preserving the symmetzio order of the tree nodes:

&

In Case 1 we simply “rotate” the tree to the left, attaching 8 10 4 instead of A

This transformation is ke applying the associative law to an algebraie formulp,
veplacing o{87) by (af)y. In Case 2 we ose s double rotation, first retating

(X, B) right, then {4, XY 3eft. In both cases only 2 few links of the tree naed

o be changed. Furthermere, the new troes have height £ 4 2, which is exactly

the height that was present before the insertion; henes the rest of the tree (i
any) that was aviginally above node 4 always remains balanced.

For example, if we Insert & new node into position of Fig. 20 we obtain
the balansed dree shown in Fig 21, afier a zingle rotabion (Case 1), Note that
seversl of the halance fastors have changed.

The details of this insertion procediure can be worked out in several ways.
At first glonee an auxiliary stack veems to be nevemsary, in oprder to keep track
nf which nodes will be affected, but the following algorithm gains some speed
by avoiding the need for a stack in a stightly tricky way.
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Fig. 33, The troe of Fiz. 20, rebalaneed after a new key R has been inseried,

Algorithe A (Baloneed tree search and snsertion}. (iven a table of records which
farm 5 balanead binary tree as described above, this algorithm searches for a
given argument K. If X is not in the table, a new node containing K is inserted
into the tree in the appropriate place and the tres is rebalanced i necessary.

The nodes of the tree are assumed lo eontain KEY, LLINK, nnd RLINK fields
ng in Algorithm 6.2.27, Wa also have o new field

B(P)] = balance Inctor of NGDE(P),

the height of the right sobiree minus the height of the left subtree; thin field
abways containg either -1, 0 gr —1. A special header node also appears aé the
top of the tree, in loeation HEAD; the value of RLINK(HEAD) is a pointer to the
root of the tree, and LLINK [HEAD) ia used to keep track of the overall height of
the tree. (Knewledge of the height is not really necessary for this algorithm,
but it is useful in the concatenation provedurs discussed below.) We assume
that the tree is nonemply, Le., that RLINK{HEAD} 7 A,

For convenience in deseription, the sigorithm uzes the notation LINE(q, P}
#8 o synonym for LLINK(P) if 4 = ~ 1, and for RLINK(F) if o = 1,

Al {Initislize.] Sel 7« HEAD, § e P e RLINM{HEAD}. {The pointer variable
* will move down the tree; S will point to the plave whers rebalancing may
he nesessary, and T always points to the father of 8.}

A2, [Compare.] If K < ¥EY{F), go to Ad; if K > (BY(P), go to Ad; and if
K == KEY{P), the search terminates suecessiully.

A3, Movelelt] Bot g e LLINg(r;. If ¢ = A, sel ¢ & AVALL and LLINK{P} ¢
Qand go fo step AS. Otherwise B9} = (, set T — P and 8« {. Finally
gt P e @ and return to step AZL

A Move right.] Sob Q@+ RLINK(P), I @ == A, set Q &= AVATL and RLINK{P}
g and go to step AS. Otherwiseif 3{Q) # 8, set T o P and 8 « Q. Finally
set P e~ & and return to step A2, (The Iast part of this step may be com-
hinad with the lash part of step AR
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e BOBES

K o BB

|AS Maove left l \Afi\ Iove rigilti

: Rebalance
: AR, Single

: rotation

Lo Jae A . AL Tinishe

: tuntors ing tonch

: Tree still b A%, Diouble

balanced : rotatlon

Fig. 22. Balanced tree gearch aud insertion,

A5, [Insert.} (We have just linked z new node, HUBE (81, into the tree, and ils
fields need to be initialized.) Set KEY{Q) e~ ¥, LLINK{G} - RLINK{Q} + 4,
B{G) — 0. :

A6, [Adjest balunoe factors] (Now the balance fzcfors oo nodes between 8
and ¢ noed to bo ehanged from zoro b0 1) 1T E < HEV(3), a8t R e P e
LLINGSS), otherwise set R e P e- RLINR(S). Then repeatedly do the fol-
lowing operation merc or more ftimes until Pe= 0 If K < $EV(P) st
B{P} ¢~ ~1 gnd P e LLINE{P}; if K > KEY(F}, set B{F)+ -1 and
P = BLINK(P). (If K == HEY{P}, then P == ¢ and we may go on o the
next step.)

AT, [Balaneing act] If K < REY(B} st a — —1, otherwise sot ¢ e -1,
FPeveral cases now arise:

i} I B{S} = 0 {the troe has grown higher), sst B{5} + a, LLINK (HEAD) ¢
LLINK{HEAD} -+ I, aud terminate the algorithm

#)} If 8¢{S) == —a (the tres has gotten mare balanced), sei B{5) + 0 and
terminate the algorithm.

i) M 8{8} == o (the tree has potten out of balanee}, go to step AR B{R)
== @, o AGIEB{R) == —a.

{Ciase (i) cervesponds o the situations depicted in (1) when a = 13

& and R point, respestively, to nodes A and B, and LINK(-~¢, §) poinis to

@, ete.)
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8.2.3 BALANUED PREES 457

Ak, {Single rotation.] Bei P e R, LINH(g, 5} ¢~ LINE!{—a, R, LINK{-q, R) ¢
8, B{8} « B(R} — {1 Go o AL

A9, [Double rotation.] Set P +— LINK({-a, R}, LINK{-—a, R} ¢ LINK(@, P},
LINK{G, P} «- B, LINK{a, 5} « LINK{—a, P}, LINE{—a, P} «— 5, Now set

(mat G}} if B{p} = &5
(B(S), B{R}} e=( 0,05, if B(P}= & 3

and then set B{P} = (.

A10. [Finishing touch.] (We have eompleted the rebulaneing transformation,
taking (1) to (2}, with P pointing to the new rooi and T poisting to the
father of the old voot) T 8 = RLINK(T} then set RLINK{T} +— P, stherwise
set LLINK(T) « P. |

This slgorithm s rather long, but it divides into three simple parts: Steps
Al-Ad do the search, steps AS~AY insert a new node, and steps AS-AI0 re-
hulance the tree if necessary.

We know that the slgorithm takes about £ log N auits of time, for some
Tt it is important to know the approximate value of € o that we can fell bow
Jarge N should be in order to make balanced tress worth all the frouble. The
following MIX implementation gives some insight into this question.

Program A (Bulanced tree search and insertion). This program for Algorithm A
uses tree nodes having the form

T L T
\ B | LLINK|RLINK
} b——t—1; 4)

L
{ HEY
L 3 ]

i £

AR di=p =g I8 =R rld= 5 15 = T The code for steps A7-A9

is duplicated so that the value of @ sppears implicitly (not explicitly) in the
BLrogram,

at 3 g 0

<3 ELIMHE B 2:%

0 RLINE Em! 48

2] STAET LA 1 AL, Iritigliz,

i ENTS  HEAD 1 T e HERD,

7 LR fLS{RRTH 1 o BLIMRIHEADY.

& JeE EF ! To &% with §— # 0.

i3 4K LDZ O, 1IRLINK} 2 A%, Neve oight, e BLINK{PL
i) Jz R -] T Aiif g = A

sl s Lb¥ 0,28} -1 £ e B{RL

I JEE 54X o § Jump i BERE = &

e ERTE 0,3 -1 T e

I8 is) BEps 0.2 F Ba

14 ENWTL 0.2 5] P

15 oMPs 1% [ A8 Omapure

I P 48 o To ad i K > HEVIF)

7 B BUDDESS 4] Budb il K = HEYTPL

& LBZ 0, 1{LUINK] [ R A8 Mong loff. - LLINEIP),
i S 18 JF — & Jump H O # h

ar
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£ M EDE AWAIL 15 Ad, Tmre

Eh J¥E OVERFLOF JRY-3

o LEK L RLINED I

k23 % a¥AlL =8 & 4= ATAEL.

#5 st 1.2 1§ gaeiny — K.

2z me ooz FIE:1 TAENK Q) = RLINK{G) o A,

88 JLIF L & Wiz X < KEVLP?

£ 572 0,1 RLIME) A RLINK{PE - &

=3 JHE %42 4

% M HM% 1, 11LLINKY i 8o g LIYRRIP) - 0

.15] 1] IHEA 1.4 =8 AE, Adinst dalewre faclors.

i o -5 =k Jump H A £ KEX{3).

L] LI O, A[RLINK} 4 e BLEW{SS.

R SHE el bid

74 ib3 0 A{Lugl oo § e B R BLENE S,

53 EHTL 9,3 t—8 ek

a8 e SN Y L& =1

" JHE O LP 15 ' oompmiriedn ooln

RN 3 7F et — 8 ToATH R = ¥E¥F)

B+ [ SRS 4 SN i BB e £ (i wwns 4G),

4 i 4, L{RLANK} i e RUINKIPL

15 1 CHPA %% B 1w &

48 JUE 48 F+1—2a Fompe il K 2 KEY{FY

i3 HPE GLE(B) F B{E) - —F

45 LBl 0, BLILINEY it P BLERELFY.

45 L - L Ta comparison bog.

E T iBR G408} F—38 A7, Heloecing aaf, vifl = B{SL

5 &Y O,4{B} g By —&

35 THFA 1.4 -

48 S AR E— 8 Toa = =1 rontheeif K 7 KBY {5}
&6 #7L JIF BUNE 23 AR Sz DORS IR Bt ¢i2 = —a.
&1 Jgr TR i Jan  &F G4 Jump i B{S) wan s,
4 e 0,3 by ENTL 0.8 & [N
&3 D2 0,58 " Log 6,58} : VL e B{H]
11 JEH ABL TE# JEF AER ) Fo AL iR w oa.
88 a8t O 0, %{RLIRK) 78 A LBE 0.B{LLDM] i A% fauble refution,
&5 LDE O, :{laTaK} % LBL O, 3ERLIEG s LEHK far, B i LIMH{ =5, R}
Eg BT L S{RLINK] i FEE 0 ST H s LENME— 5, RL
E2 @5 0, :ELLINK} % ErE G LERLTIE: H LINE{a, §le B
- LB O,L(B} ks AR S ¥ -] Ed £18 o BLP)
-] LEy .2 et FRS H —u 3w @
& STE GLari) ke TR 0. 4B} H — B8} )
2] 1B €E,2 L] L ThE2 H 9,0 e
2y stR 0T} 81 F SR W 1 i —+ BiR}.
21 ASE TEY G RERLEMEY &2 ARR LY o L ihLERY L3 Al Simgle roiation,
25 TP G, ALLEMH} 58 STE  ©,4IRLINRY b {I#a, 3) e LENM  —e, P
a5 &4 O LORLENRT & #Pe O, LELLENG 44 LINHG, sty B o
8 JuR o MIRE i AHEL  BTL 4, 14BY & Bi{F) e

E L0 ClPd 0,5 {RLINEY & A0, Pea{ahing fouch.

&7 SR w4 o Jupeg o BRIEE (T & B

s SPL 9 8IRLINE} &2 RLINE %) 1=~ B

&4 JHE DOMNR G2 Bkit.

pad BTl O.HIELINE) i IEIHMIT} o P

L7} SEP DOYE &1 Famit.

o8 o 4l

o T ooy 0 Tadsle: Tor (3}

4 I oy @

B L w1

b 33 EWHTX  +l Fa P

g o B3 4,418} 7 157 — &

4 LER  HEAR{ILI¥K 4 LLEME (AR}

35 IHCT 1 J L

HA BEX  HEAD{LLIEEY 7 — LLENK [HERD)

T4 DLMNE BGU ¢ 1 & Ingeplion is eomplate. §
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5.2.3 HALANCED TREES 480

Analysis of balanced tree insertion, [Nonmathematical renders, pleaze skip to
{10).] In order ic figure out the running time of Algorithm A, we would ke to
know the answess o the following guestions:

« How meny comparisons sre made during the search?

s How far apart will nodes 5 and Q be? (In other words,
how much adinstment is noeded in step A8

+ How oftan do we need 1o do a single or double rotation?

It is not difficult to derive wpper bounds on the worst eate running time, using
Theorom A, but of eourse in practice wa want to koow the aversge behavior,
No theorstics} datermination of the average behavior has been snccesslully
complisted as yeb, since the algorithm appoars to be rather complicated, but
some interesting empirical results have been obtained.

T the first plase we can ask about the number Bas of balanced binary trees
with % internal nodes and height k. It s nod diffioylt to compute the generating
funetion Ba(z) = LapoBaw™ for small &, from the relotions

Bofdy = 1,  Bile) =z, Brgile) = aBu2)(Bale) + 281 1()). {8
(See exereise 8.) Thus

Bo(a) == 257 4 za,

Bs(a) = 42* 4 B2° 4 4% - &7,

By(g) = 1627 4 82e® 4 44a® - - L &M 0,
and in general Bale) bas the form

& A
9P Ly Faerl 4 ofua—Br, o Feer L osompliosted terms 4+ 21 2 4 2 2

(8
for b > 8, where Ly = Fryq 4 Froi. (This formuls geperalizes Theorem 4A.)

the resurrenes

Bﬁ = Bl - l) Bﬁ'{"l = Bg “%“ 2.8};8@_1, (?}
sothat Bo== 8, By == 35, Ba= 3% 8.7, 8; = 3% 5%. 7. 23; and, in genersl,
By= A ATt e AR AR, ®)

where Ag=1, A; =3, dg =5 Ag== 7, Ay= 23, Az=347, ..., Ay =
Ap 1 Bu_s 2. The sequences By, and Ap grow very rapidly, in fact, they are
“doubly sxponentisl”: Exercise 7 shows that there s a resl number # = 143684
gueh that

By L) — L P — R (DML (9
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460 SEARCHING $.2.3

I we consider pach of the Bj trees to be equally likely, exernise 8 showa that the
average number of nodes in & tree of height & 15

BL(1/Ba(1) = (0.70118)2", (10}

This indicates that the height of a halanced $ree with n nodes usually is mach
closer 1o loga n then 0 lag, ».

Unfortunately, none of these results have much to do with Algorithm A,
sines the mechanism of that slgorithm makes some fees much more probable
than others. For example, consider the case §¥ = 7T, where 17 balanced trees
are possible. There are 71 = 5040 possible ortierings in which seven keys can
ba tnserted, and the parfectly halancad “complete” tree,

oy SR

is obtained 21680 tirpes. By cantrast, the Fibonacel iree,

. § é ﬁ{\m (12)

neeurs anly 144 firnes, and the similar tree,

{ Eg%‘ | (13
gégé; 45

peottrs 216 times. [Replacing the left subtrees of (12) and (13} by arbitrary
fonrnode belanced trees, and then reflocting left and righs, yieids 18 different
trees; the eight generated from (12) each oceur 144 times, sud those generated
from {18} each oecur 216 times. It is somewhat surprising that (13) is maore
eommu than {123}

The fact that the perfestly balanced tres is cbtained with such high prob-
apility-—together with (10), which corvesponds to the case of equal probabilities
~-males ib exiremely pliusible that the average senrch time for & balanced trae
w about g N + ¢ comparizons for some smell constant ¢ Bmpivieal tests
support thie conjectute: The average mumber of comparisons needed to ingert
the Nk item seems 0 be approximately ig N -+ 0.25 for Jarge N,

In nrder {0 study the bahavior of the insertion ned rebalancing phases of
Algorithm A, we can classify the external nodes of balanced troes as shown in
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6.2.3 BALANCED TREES 461

-

Fig. 23. Clagsification codes which spoeify the behavior of Algorithm A after insextion.

Fig. 23. The path leading up from an sxternal node ean be specified by a sequense
of ' and —'s (- for & right link, — for a left Huk); we write down the Lnk
specifications until reaching the frst node with & nonzers balsnee factor, or until
reaching the root, if there is no such node. Then we write 4 or B according as
the new {ree will be balsnced or unbalanced when an internal node s inserfed in

the given plaes. Thus the path up from is ++B, menning “right link, right.

tink, lef$ link, unbalance.” A specifieation eading in A Teguires no rehalancing
after insertion of & new node; s specification ending in ++8 or —B requires &
single ratation; and a specification ending in +-B or —+B requires a double rola-
tion. When k links appear in the specification, step A6 has to adjust exactly
% — 1 balanee factors. Thus the specifications give the essential facts governing
the running tine of steps A 1o A1G.

Fmpirieal bests on yandom numbers for 100 £ ¥ < 2600 gave the approxi-
Iaate probabilities shown in Table 1 for paths of various types; apparently these
probabilities rapidiy approach limiting valunes as ¥ — oo, Table 2 gives the
exact probahilities sorresponding to Table 1 when N = 10, considering the 10!
permutations of the input a8 equally probsble.

Table 1
APPROXIMATE PROBABILITIES FOR INSERTING THE NTH ITEM
Paib length £ No rebalancing  Singlerotation  Double rotation

H © 144 REH Q00

p: 153 Jdd 44

3 REL:S D48 L1438

4 058 A28 {23

5 86 H18 010

> 8 bt 008 B
ave 2.8 i 233 252
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462 SEARCHING 6.2.3

Tabte 2 i
EXACT PROBABILITIER FOR INSERTING THE 1071 ITEM :
Path length k No rebalancing Single rotadion [ouble rotation

1 177 9 i
P 8/35 177 17
3 421 2435 2/35
4 0 /21 1/91
ave 47/103 53/105 26/10% 26,165

)
]

From Table 1 we can eee thet kb iz <2 with probability (344-+ 183+
J144 - 144 = 6BE; thns, step AB I8 quits simple almost 80 pereent of the time.
The average mymber of balance factors changed from 0 to o1 in thaf step is
about 1.8, The average number of balance factors changed from =1 t0 Gin
steps A7 through AJC is 525 - 2283 4 232) = 1.5; thus, inserbing one new
node adds sbout .3 unbalanced nodes, on the average. This agrees with the fact
that about 88 peresnt of all nodey were found to be balanesd in random rees
built by Algorithm A.

An approximate model of the hehavior of Algorithm A has bsen proposed
by . . Foster [Proe. A0M Neat. Conf. 20 (1965), 192-205]. Thig mode! ia not
rigorously accurate, but it iz close enough to the truth io give some inmght
Let us assume that p is the probability that the bulance factor of a given node
in & large tree built by Algorithm A js 8; then the balapes favtor is -1 with
probability (3 — ], and ¥ is —1 with the same probability $(3 — 7). Let us
aseume fyrther (without justification) that the balance Pactors of sll nodes are
indepesdent. Then the probability that step A6 sefs exactly & — 1 balance
factars nonzers is p" N1 - p}, 20 the sverage value of & — 118 p/(1 — ).
The probability that we need to roiate parf of the tree 1s . Inserting a new nede
shoukd ineresse the numbaer of balanced nodes by p, on the average; this number
is aetually incressed by 1 in step AS by —p/{1 — p) instep A6, by % 1. step
AT, and by 1+ 2 in step AR or A9, 8o we should have

p=1—p/d-p+i+l
Solving for p yields fair agreement with Table 1:

P el T 2 0848 p/(1 o~ p) = L85L (14}

The running Hme of the search phase of Program A (lines 01-19) 18
WY b 1 4 85 ) 3 88, (]§}

where £, 01, 8 are the same as in previous slgorithms of this chapter and D is
the number of unbalanced nodes encountered on the search path, Empirical
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6.2.3 BALANOED TRERS 462

tests show that we mey take D= 30, Gl HO - 8), 05 8= g N + (.25,
go the averago sesrch time o spproximately 1LI7 g N 448 — 1378 units.
{I{ searching is dene much more often than insertion, we conld of course use a
separate, faster program for ssarshing, éince it would be unnesessary to look st
the balance factors; the average running fime for » successful search would then
be only about (6.5 g N -+ 4.1)u, and the worst case ranning fime would in
fact be betier than the average rupning time ohtained with Algorithin 6.2.210)

The runming time of the inserfion phase of Program A {lnes 20-40) 1s
8F -4 20 -+ (0, 1, or 2} anilg, whan the search iz ungoecessfid. The data of
Table ¥ indicale that F = 1.8 on the aversge. The rebalancing phase (lines
46-101) takes either 16.5, 8, 27.5, or 45.5 (=£0.5) units, depending on whether
we incresse the total height, or simply exit without rebalaneing, or do s single
or double retation. The first case almost never oceuss, and the others gec
with the approximate probabilities (535, 233, 232, 50 the average running time
of the combined inssrifon-rebalaneing portion of Program A s shout 63w

These figures indicate that msintensnce of & balanced tree i memory is
ressonshly {236, even though the prograin is rather lengthy, IF the input data
are randeoms, the simple tree insertion algorithm of Section 6.2.2 is roughly 50u
Inster per insertion; but the balanced tree sigorithm is guaranieed to be relinhle
even with nonrandom inpud data.

One way 1o compare Frogram A with Program 6.2.27 s to considor the
worst case of tha Iatder. T we study the amount of Hime necessary fo ingers N
keys in inerensing order into an initially empty tree, 16 turns oul that Program A
is slower for &' < 28 and faster for N > 27,

Linear list vepresentation. Now Ief us retarn 0 the claim made at she begin-
ning of this seckion, that balaneed trecs can be used o represent Hnear lists m
sich 3wy thal we can inserh ibems rapudly {overcoming the difficulty of sequen-
tial alloeation, vet we oan also performl randorn accesses to Heb ifems {over-
eoming the difficulty of linked allocation).

The ides is to introduce & new feld in each nods, eailed the RANK feld. This
field indicates the relative position of that node in its subiree, ie., one plus the

Fig. 24, RANK felds, used for searching by posihion.

T
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464 SEARCHING 6.2.2

wumber of nodes in e left subtree. Figurs 24 shows the RABK values for the
binery tree of Fig. 23, We can eliminate the KEY field entirely; or, If degired,
we oan have both ¥EY and RANK fields, so that it is pessible to reirieve items
either by thelr key value or by their relative position in the list.

Vsing steh p RANK feld, retrioval by positiot s a sbraightforward modifies.
tion of the search algorithms we have been studying.

Algorithm B (Tree search by positéon). Given a limear list represented as a
bingry tree, this algorithm fnds the kth element of the list (the kth node of the
teoe in symmetric order), given k. The binary tree &8 assumad 0 have LLINK
and FLINK felds and 2 header as in Algorithm A, plus a Rank feld as deseribed
above,

BI. {Initialize.] Seb ¥ e k, B o RLINK(HEAD),

By, [Compars.] If P == A, the algorithm terminates unsutesssfully. (This ean
happan only i & was greater than the number of nodes in the tree, or kb 5 0.
Otherwise i M < RANKIPY, go to B3; if M > RANK{P), go to B4; and if
¥ == RANK(P}, the algorithm ferminates suecessfully {? points fo the kth
node).

B3. [Move left.] Bet P o LLEN(F) and return o B2,

B4, (Move right.] SesM « ¥ — RANK{P) and P« RLINK(P) and return to BZ. )

The only new point of interest in thiz algorithm iz the manipuistion of #
in step B4 We can modify the insertion procedure in » similar way, although
the details are somewhat trickier:

Mgorithm C (Balonced iree insertfon by pesiiion}. Given a linear list represented
as a baluoeed binary tree, this sigorithm inserts 3 new nods just before the kib
alement of the list, given & and o pointer Q to the new node. T = N + 1, the
new node is ingerted just after the last element of the list.

The binary tree is assumed 10 be nonempty snd to have LLINE, BLINK, and
B fields and & beader, as in Algorithm A, plus a RaNg feld as deseribed above.
Fhis algorithem is merely a transeription of Algorithm A; the difference is that
it uses and updates the RANK flelds ingtead of the KBY felds,

Cl. {Initialine.] Bet T« HEAD, 8 + P - RLINK{HEAD), U« ¥ +— A

Ce [lomparel If ¥ < R(P), go to O3, otherwize go to Cd.

C3. iMove left.] Set RaNK(P) - RANK{P) 4 | (we will be inserting a new nods
ta the left of P). Set R« LLIHR(P). If # == A, set LLINK(®] v G and go
to C8, Otherwise if B{R) # 0 get T4~ F, 5 « R, and 4+ % Finally set
P+ R agnd returm to C2.

o4, [Move right.] Set M« M — RANK{P), and R+ RLIMK(P). If R= 4, sef
RLINK (P} « Q and go to C5. Otherwise i B{R} # Oset T+ P, 3« R, and
U+ . PFinally set P« R and return to C2,

(5, {insert.] SelRANK(L} « 1, LLINK{Q} ¢~ RLINR(Q} «~ A, B{Q} «- 0.

[
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G6.2.3 BALANCED TREES 465

Ca. [Adjuat balanece factors] Bet ¥ « U, {This restores the former value of ¥

when P was §; all RAMK felds are now properly seb) I ¥ < RAMK(S), aet

R P+ LLINK{S), otherwise set Re— P RLINK{S) and Me M —

RANK (S). Thoen repeatedly do the fellowing operation until P == g: If

M < RANK{P}, set B{P} ¢ ~1 aund P e LLINKIF): if 8 > RANK(P), set

B{P) ¢~ +1 and M+ M — RANK{P} and P« RLINK(P). (If M = RANK{P),

then P == Q and we may go on to the nert step)

[Balanelng aet.] If U < RANK(H), set &« -1, otherwise set @+ +1.

Beversl cases now arise:

£ TEB(SY = 0, 36t B{S) e @, LLINK[HEAD) < LLINK(HEAD) 4+ 1, and ter
minate the algorithis.

ity H8(8) = —a, sot B{8) <« 0 and terminate the algorithm.

mj If 8(8) = n, go to step CR U B{R) =~ a, to COU BIR) = —a.

€8, [Bingle rotetion] Set P« R, LINK(a, §) ¢ LINK{—a, 8}, LINK(—g, R}
B, B{5) ¢ B{R} e~ 0. If g = -1, set RANK(R) ¢ RANK{R} -+ RANK(S); if
4 = —7, sct RANK{S] ¢~ RANK(S} — RANK(R).

[Double rotation.) Do all the operations of step A9 (Algorithm A), Then
i mo== 41, set RANK{R} ¢ RANK{R} — RANK(P), RANK(P) e RANK{F} +
RANKIE); If @ == —1, set RANH(P) w RANK(P} + RANK{R), then RANK{E| —
RANK (8] — RANK{P}.

C10. [Finishing toueh.] If 8 == RLINE(T} then set RLINK{T) +— P, otherwise sst

LLINK{F) e . §

Ct

€9

*Deletion, concatenation, ete. F518 possible to do many other things io balanced
trees and mantain the balance, but the algorithms are sufficiently lengthy that
the details are heyond the seope of this book. W shell discuss the general ideas
here, and ag interesied resder will be able to Gl in the details without much
diffieuity.

The problem of deletion can be golved in Oflog V) steps il we spproach it
correctly [C. €. Fonfer, “A Study of AVE Trees,” Goodyear Aerospace Corp.
report GER-12155 (April, 1965)]. In the firet place we can reduce deletion of an
srhitrary nods to the simpls deletion of a node P for which LLINK (P} or RLIWE{(P)
is A, as in Algorithm 6.2.20. The algorithm should also be modified so that i%
constructs a list of pointers which specifies the path to node P, namely

{Pe, o), (Fymh ey {F1, a1}, {18}

where Py = EEAD, 0g = ~+1; LINK(G;, Py} = Prayg for 0 4 < 8 Pre= P; and
LINK{ay, P = A This list ean be placed on zn auxilinry stack as we search
down the trge. The process of deleting node P osets LINE(g.., Py} &
LI —ay, 1), and we must pdjust the balanee factor at node P, Buppose
that we need to adjust the balanes factor at node Py, because the a; subtree of
thiz node has just decrsased in heighi; the followisg adjustment proesdure
should be used: If & == 0, sed LLINK{HRAD] +- LLINK{HEAR) — 1 and terminate
the algorithm, sinee the whole tree has deersased iy height, Otherwise look at

AL
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the balance {actor B{F;); there are three cases:

i B{PY) ooy Bet B(Py) « 0, deereage k by i, and repeat the adjustrent
procedure for this new value of k.

i) B(Py) == 0, 8et B{F) to —ag and terminate the deletion algorithm.
i) B{P.) == —ay. Rebalancing is reguired!

The situstions requiring rebalaneing are almost the same as we met in the inzer-
tion algorithm; referring agatn to (1), 4 isnode Py, and B is node LIRK{ —ax, Py},
the ppposite hranch from where the deletion has cecurred. The only new feature
is that node B might be balanced; this leads to & new Case 3 which is Iike Cose 1
gxcept ot # has beight -~ 1. In Cases 1 and 2, rebalaneing oz in (2) roeans
that we decrsase the helght, so we seb LINH{gt.., Py..1) to the.root of {2}
deereasa k by 1, and restart the adpustment procedurs for this new value of k.
In Case 3 we do a single rotation, and this leaves the balance factors of both
A and B rnonzero without changing the overall height, after maling
LEN{ag .y, Pror) point 40 node B, we therefore terminate the algorithm.

The important differenee between deletion and insertion is that deletion
might require up 1o log N rotations, while insertion never neads more than one.
The resson for this becomes elear if we try to delete the rightmost node of 2
Fibonaenoi tree (see ¥Fig. 8 in Section §.2.1). But empirical fests show that omly
about G.21 rotations per deletion are aetually needed, on the sverage.

The use of balaneed trees for linear Hst representation suggests alzo the need
for a concalenation algorithre, where we whant to insert an entire tree Ly to the
right of tree Ly, without destroying the balance. An tlegant alworithm for
eoncatenation has been devised by Clark A, Crane: Assame that haighs{Ly) >
height(Z,); the other case is gimilar. Delote the first node of Ly, calling # the
“lunctare node” J, and let 1] be the new tres for L\LS}. New go down the
right links of L1 until reaching o node P sueh that '

haight{P) — height(L]) = Gor i;

this is alwaye possible, sines the height echanges by 1 or 2 esch time we go down
one level, Then replace @ by

e

and proceed to adjust Ly a3 if the new nede J had just been inserted by Algo-
rithr A

Crane has also solved the more difficult inverse problem, $o splif » st ingo
two parts whose conentenation would be the original list. Constder, for example,
the problem of splitting the list in Fig. 20 to obtain two Hsts, one containing
fa, ..., 7} sud the pthey containing {J, ..., 8}, & major resssembly of the
subtrees 1s required. In general, when we want to split a tree ot some given
node P, the path to P will be something like that in Fig. 25. We wish to con-
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Fig. 25. The problem of splifting a hist.

stouct o left tree which contalos the nodes of oy, Py, oy, Py, e, Pe, @y, Py, o, P
in symmetrie order, and a right tree eontaining §, Pg, Bs, Ps, 85, Fs, 82, Py, 82
This can be done by & sequence of concatenations: Fivgt insert P at the right of
«, then concatenste B with 8 wsing Py as junctire node, eoncatenate o, with
of using Py as huneturs node, ag with apP® using Pe, 8Pgfy with Jy using
P, ote.; the nodes Pg, Py, ..., P) on the path o P ars used as juncture nodes.
Crane hag proved that this splitting slgorithm takes only Gllog N} units of
time, when the original tree contains N nodes; the essential resson is that con
catenailion uding a given juneiure node takes O(k) steps, where k is the difference
in heights between the traes being coneatenated, and the values of & that must
be summod essentially form a telespoping series for both the left and right trees
being consirueted.

All of these algorithms can be used with either KEY or RaWK ficlds or beth
{although in the ease of eoncatenaiion the keyvs of Ly must sll be greater than
the keys of Z,). For general purposes it s often preferable to use a friply-linked
tree, with UP links a5 well as LLINKs nnd RLINKS, together with s new ope-bit
field which specifies whether a node is the left or right son of ifs {ather. The
triply-linked trea representation mimplifies the algorithwe slightly, and makes it
posaible $0 specify nodes in the tree without explieitly traeing the path to that
node; we can write 2 subrountine fo delete NDDE(P), given P, ov to delete the
HIDE{FS) which follows P in symmetris order, or to find the lst containing
RObE{P}, ete. In the daletion algorithm for briply-linked trees i is unnecessary
to ponsdiuct the list (16), sinee the uP links provide the information we need.
Of course & tyiply-linked tree reguires that g few more laks be changed when
insertions, deletions, and rotations are being performed. The uss of a sriply-
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Huked free mnstead of a doubly-linked tree is anslogous to the use of iwo-way
linking instead of one-way: we ean start st any point and go either forward or
backward, A complote desoription of Het algorithims based on triply-linked
balansed trees appesrs in Clark A, Crasne’s Ph.D. thesis {Stanford Universiby,
1972,

Alternatives to halanced trees. Some other ways of organizing trees, so as to
guzrantee logarithmic accessing $irne, have vecently been proposed. At the
present time they have not vet been studied very thoroughly; it is possible thas
they may prove to be superior to balanced trees on some computers.

For example, C. C. Foster [CACH 16 (1573), 513-817] ka3 studied the
generalized balanced irees which arise when we allow the height difierence of
subtrees t0 he greater than one, buf at most four {say).

The intereating concept of waight-bolanced free has been studied by J. Niever-
gelt, B. Rengold, and G. K. Wong, Tnstesd of considering the height of trees,
we stipulate that the subtress of all nodes muet satisfy

left weight
right weght
where $he left and right weights sount the number of erfernal nodes in the left
and right subiress, respectively. It is possible to show thet waight-balsnes can
be maintained uoder inseriion, nsing only single and double rotations for re-
balanciog as in Algovithm A {see ewercise 28). However, it may be nscessary
10 do many rebalancings during » sipgle insertion. 1t is possible o relax the
conditions of {17), decressing the ammount of rebalanting at the expense of
inersased search time.

Weight-halanesd tress may seem at fret glanes to require more memory
than plain balanced trees, buy in faet they sometimes require shghtly less! If
we already have o RANE fleld in ench node, for the liusar Hist represeniafion, this
is precisely the left weight, and it is possible ta keen track of the corcesponding
Tight weights 58 we tnove down the tree. However, it appears that the book-
keeping reguired for mainlaining weight balance takes more time than
Algorithin A, and this small savings of two bits per node i probably not worth
the trouble.

Another interesting alternative to balanced trees, called “2-3 trees,” was
infroduced by John Hoperoft in 1870 {unpublished). The ides is to have either
Zuway or 3-way branching st each node, and 4o stipulate that all szternal nodes
appear on the same level. Evary intarnal node containg sither one or fwo keys,
as shewn in ¥Fig, 46,

Vet < < A8 (17

Fig. 36, A 2-3 tree.
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6.2.3 BALANCED TRES 448

Fig. 27, Ioserting the new key 8" into the 2-3 tree of ¥ig. 26.

Ingertion into & 2-3 tree i& somewhat sasier $o explain than insertion fnto a
balsneed free: If we want to put a new key into a node that contaios just pne
Key, we sitaply insert it a2 the second key, On the osher hand, if the node shready
contains dwo keys, we divide 1% into two one-key nodes, and insert the middle
key into the parent node. This may cause the parent vode ta be divided in s
similar way, if it already contaips twe keys, Figure 27 shows the process of
inserting a new key inte the 3-8 tree of Tig. 26, :

Hoporoft has ohsarved that deletion, copestenation, and sphitting oan all be
done wilth 2-2 trevs, in & reasonably straightforward marner mnslogous o the
corresponding operstions with balanced trees,

. Baver [Proc. ACM-SIGFIDET Workshop (1971), 216-238] has suggested
an interesting binary dree representation for 2-3 trees, Bee Fig. 28, which shows
the binary tree representation of Fig 26; one bit in each node is used fo dis-
tinguish “horisontal™ RLINKs Froan “vertical” ohes. Note thab the keys of the
tree appesy from left to right in syomnstrie crder, just a2 in any binary search
traea. It turne out that the transformadions we nesd 1o perform op suck a biusry
tree, while inserting & new key as in Fig. 27, are precisely the singls snd double
rotasions used while inserting a new key into a balaneed tree, although we need
just one version of esch rotation (not the lefi-right reflections as in Algorithims
A and C).

Fig. 26, The 2-3 tree of Fig, 26 represented ss & binary search tree.

EXERCISES

L. [611 Tu Case 2 of {1), why ian’t i a good ides to restore the balance by simply
interchanging the left subiress of A and &7

e
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2, 18] Explain why {he tree has godten one level higher If we reach step AT with
BISY = 0.

» 8. [A25] Prove that a belaneed tree with N internal nodes never contains mare
than {¢ ~ 1IN = 061803 N nodes whosa balsnee facter i nongero,

4. {M22] Proveor disprove: Among sl balaceed tress with Fu s — 1 internsl nodes,
the Fibonaoot tree of order » hax the greatest internal path length,

» 5. [ME5] Prove or disprove: If Algorithm A is wsed to insert the kays Ko, ..., Ky
suceessively in ingreasing order into & fzes which initislly containg only the single key
Ky, whers Ky < Ky <+ < Ky, then the tree produced 1 always opfinmum (e,
i Bas minimes miernsl path leagih over all N-node binary {rees).

6. [} 211 Prove that Eg. (5) defines the generating funetion for balanced trees of
helght A

7. [AFEF] (.0 A Bloane and AL V. Ahol} Prove the remarkable formula (%) for the
number of balaneed trees of height A, [Hini: et €, = B, B, .1, and uso the fact
shat log (Cr01/0%) Is axveadingly small {or large u.}

B [M24] (L. A, Khizder.) Show that there it a constant 8 such that BA)/ By
G s Tong howr 0,

9. (347 What s the asympiotic number of Dalansed binary trees with n internal
nodes, PoaneFa? What in the asymplotic average beight, Joano ABan/ b svoBas?
10, {M45) Does Algorithm A maks an average of ~Ig ¥ | ¢ comparisons o inserd
the Wih item, for some sonstant 5?

» 11, [28] The value 144 sppears three times in Table 1, cnce for b = 1 and twies for
b =2 The value 1 appears in the same three places in Table 2. Is it & coincidence
thaé tha wame valve should appear in all three places, or is there sue good resson
for this?

» 12, 2] What 15 the mavimum possible running time of Program & when the eighth

naede Is inserted into & balanced tree? What is the minimum possible vuaning time for
this insertion?
13, [201 Why i i betfer to nee RANK fields as defined in the texs, instead of simply
o store the index of cach hode as its key {ealling the frst node “17) the sccond nods
#2¥ and sp on}?
14, {11} Could Algorithms 6,2.2T and 6.2.2D be adapted te work with Huear lsts,
using a RaNK feld, just as the balanesd tres algarithms of this seetion have been so
adapted?
15 18 {C. A Crane} Suppose thed an ordered linear list is being represented as a
hinary tree, with both KEY sod RANK fields in each node. Diesign an algorithm which
saarehas the tree for & given key, K, and determines the position of X in the Hss: e,
it findds the number M such that K i the ¥th smallest key,

» L6, 1984 Deaw the balanced tree thai would be obtainet # the root node ¥ were
deleted from Fig 20, using the deletion algorithm suggested in the text.

»17. [£1] Draw the balanced trees thet would he obdsined ¥ the Fibonaocl tres {12)
were nonoatenabed (B) to the right, (b) fo the left, of the treo in Fig. 80, using the eol-
catenntion algorithm suppested in the fexs,

18, {#1] Drew the balanced trees thet would be obtained if Fig. 20 were split inle
twa parta {A, ..., T} and {3, ..., G}, weng the sphitting algorithm suggested in the
tent, .
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»19. [26] Find & way to trausform & given balanced tree so that the balance factor as
whe root i not 1. Vour vwensformation should preserve the symmetrie order of the
aodes; and it should producs ancther halanced tree in 01} units of tims, regardless
of the stee of the original {ree.

20, [4] Explore the idea of wsing the resivicted class of balanced trees whose nodes
all have halance faetors of Q or i1, (Then the leagth of the B feld ean be redused
16 one bit.) Is thers a reasonally efficient insertion procedure for sueh treeg?

» 21, [89] Design an algorithm which construets aptimum Nenode binary trees {(in the
senss of exercise 53, i O{N) steps. Your algorithm shoutd be “on line,” in the sonse
that i inpuis the nodes one by one in ineressing order and builds partial teees ss it
goes, without knowing the final value of & 1o advance, (1§ would be appropriate o
e such an algarithm whan regteuctining s hedly balonead teee, or when raerging the
keys of §w0 trees into a single trea}

22, [M20] What is the analog of Thearem A, {or weighi-balanced trees?

23, (Mool (B, Relngoll) {a) Prove that therc exist balanced troes whose weight
balanoe (et weight)/{rlght weight) s arbitragily smail. (b Prove that there exist
weigli-balaneed trecs having srbitrarily farge differences botween left und right sub-
tree heights.

24, [Af28] (£ Reingold.) Prove thas if we strengthen condition (17) to

1 loft weight

2 7 right weight !
the only binary irees which satisfly this eondition are perfecily balsnsed frees with
an - 1 interoal nodes. {In sush trees, the laft and right weights are expotly cqual as
all podes.}
25, @71 {I. Nigvergelt, B. Beingold, C. Wong} Show that it is possible to dealgn
an insertion alporithm for weight-balansed trees so that conditien {(17) is preserved,
muking at mosk Oflog N) rotations per lnsertion.
6. 140 BExplore the properties of balansed i~y trees, for £ = &

» 27, [M25 Estimate the maxmum number of comparisons needed to search in s 2-8
tres with & nfernal nodes,
28, [47] Prepare efficient implomentations of 2-3 {ree algorihms,
2% [A47] Analyse the average bohavier of 2-3 jrees under random insertions.
3. [25] (B, MeCreighty Sootion 2.5 disousses several strafepies for dvnamic
storage allecation, Including “best-f1” {choesing a6 available area ng small as possible
from smong all thoss which fulfill the raquest) and “first-it” {choosing the available
srea with lowest address smong all those that fulfill the request], Show that if the
available space is linkad together ss a balanced tres in an appropriate way, 1% is poasible
to do {a) best-fis (b} frst-itd allocation in only Gdlog w) wnits of iime, where » is Lhe
number of available areas. (The algorithms given in Section 2.5 take order w 2iop3.)

€.2.4. Multiway Trees

The tres seareh mathods we have boen dissussing were developed primaxily for
internal searching, when we want o lock at a table that Is contained endirely
within & computer’s high-spead internal memory, Let's now consider the prob-
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Fig. 30. A lzege binary search iree can be divided into “pages.”

lem of exlernal searching, when we want fo reirieve informaiion from a very
large file that appears on direct access storage units such as disks or drums.
{An introduction to disks and drume appears in Section 34.6.)

Tree structures lend themaelves nicely to externsl scarching, if we ehoose
so appropriste way o represent the tree. Consmder $he laxge binary seareh iree
shown in Fig. 29, and imagine that 1 has been stored in a disk file, {The LLINKs
andd RLINKS of the tree are now disk addresses mustead of internal mewmory ad-
dresses.) I we geareh this tree in 3 naive manner, simply applying the algo-
rithia wa have leayned for internal tree searching, we will have o make sbout
log, N disk accesses before cur search is complete. When ¥ is a million, this
means we will nsed 20 or 5o seeks. But suppose we divide the table inte V-node
“pages,” a8 shown by the dotted lines in Fig. 29; if we access one page at o Hme,
we need only abouf one thisd as many seeks, so0 the search goss about three
times as fast! ] _

Grouping the nodes into pages in ihis way esseniially changes the iree from
4 binary free fo an ogtonsry free, with 8-way branching &t each page-node. I
we let the pages be still larger, with 128-way branshing after each disk access,
we can find any desired key in s million-snéry table after locking at only three
pages. 'We can keep the root page In the interns! memory at all times, 2o thas
only two references to the disk are required even though we never have more
than 254 keye in the internal memory at any time,

Of course we don’t want to make the pages arbitvarily large, sinee the
internal memory size is limited and alsc since 14 takes a longer $ime fo read in
a larger puge. For example, suppose that it takes 72.5 - 0.05m millisseonds to
read a page that allows m-way branching, The Interna! provessing tims per page
will be about a - blog m, where o is small compared to 72.5 ms, 50 the total
amount of time nesded for searching o largs table is approximately proportional
to log A timey

(72.5 + (1.08em) flog m -+ b,

This guantity achieves a minimum when m = 350; actually the minimum is
very “bread,” a nearly optirmurm value is achieved for all m between 200 and
500. o practice thers will be & similar range of good values for m, based on

s s e
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6.2.4 MULTIWAY TREES 473

the characteristics of particular external memory deviees and on the length of
the records in the table.

W. [ Landauer [JEEE Trans. BEC<12 {1963}, 883-871] suggested building
an m-ary tree by reguiring level ! to beeome nearly full before anything Is allowed
to appest on level I+ 1. This schems requires & rather complicated rotation
method, since we rmay have to make major changes throughout the tree jnat
to insert a single new Ifem; Landuuer was sssumning that we need fo search for
tems in the bree muchk more offen than we need to insert or delats them.

Whan & file iz stored on disk, and s subject to eomparatively few insertions
and deleions, & three-level tree is sppropriate, where the first lavel of branehing
determines what oylinder is o be used, the sseond level of branshing determines
the appropriate track on that cylinder, and the third level conialns the reeords
themselves, This method is ealled sudered-seguentinl fils organization [of. JACKH
16 (19609, 566-571).

R. Muntz and R. Uszgalis {Proc. Princeion Conf. on Inf. Sciences and Systems
4 (1978), 345-349) have suggesied modifying the tree search and insertion
mathod, Algorithim 6.2.27, so that all inserifons go onte nodes belonging o the
same page as their father node, whenever possible; if that page is full, a new page
is started, whenever posdble. If the number of pages g unlimited, and i the
duta murives in random erder, it oen be shown that the average number of page
aecesses i approximately Hx/(H., — 1), ooly slightly more than we woald
obtain in the best possible m-ary tree. (Spe exereise 1(.)

B-trees, A new approach to external searching by means of multiway fres
branching was discovered in £970 by R. Bayer and E. McCreight [dcia Infor-
matsea (1972}, 173~189), and independently at about the same tme by M,
Kavfman Junpublished]. Their ides, based on » versatile new kind of dats
stroeture called g B-iree, makes it possible both to search and to update a large
file with “gusranteed” efficiency, in the worst ease, using comparatively simple
algorithing,
A Buree of avder m 18 & brec which satisfies the following propertios:

1} Bvery node has <m song,

ii} Every node, except for the root and the lpavas, has Zm/2 sons.
iii} The root has at least 2 sons {unless 1815 a leaf}.

ivy All lesves appear on the same level, and earry no information,
v} A nonleaf node with k sons containg b — 1 keys.

(A= usual, a “lead” I8 & ferminal node, one with no sons. Bines the leaves earry
no information, we may regard them as exiernal nodes which aren’t really in
the tree, so that A iz a pointer to & leaf))

Figure 30 shows a B-tree of order 7. Eaoh node {except for the roct and
the lenves) has between [7/27 and ¥ sons, so it contalne 3, 4, 5, or & kays. The
root noda is aliowed to contain from 1 o 8 keys; in this case it has 2. All of the
leaves are af level 3, Note that (a) the keys appesr in Inereasing order from
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#ig. 30. A B-tree of arder 7, with all leaves on level 3.

6.24
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feft to right, using a natursl extension of the eoncept of symmetric order; amd
{b) the number of leaves is exactly ons greater than the number of keys.
B-trees of order 1 or 2 are obvipusly uninteresting, so we will eansider only
the ease m 2 3. Note that “2-% frees,” defined ot the closs of Section 6.2.3,
are B-trees of order 3; and conversely, s B-fres of ovder 8 is & 2.5 tree.
A node which condains j keys and 7 4 1 pointers can be represented as

P

(E’er K, ’PLK& Po-o- B Ej, *::) {3
¢ B ¥ ¥ ¥

where Ky < Ky < -+ < K; and P; points 10 the subiree for keys between
K, and By, Therefore searching in a Betree iz quite straightforward: After
nade {1} has been fetehed into the internal memory, we search for the given
srgument among the keys K|, Ko, ..., K, (When §is large, we probably do
a binary search; but when 7 is mmallish, a sequentisl search is best.} If the
search is suceessful, we have found the desired key; but if she search is unsue-
cessful hoesuse the argument lies betwsen X, and Ky, we fetch the node
indicated by P: and continue the process. The pointer Po i uwsed if the argument
iz less than Ky, and P, is nsed if the argument is greater than K Tf Py e A,
the search 18 nnsuccessful.

The nice thing about B-ivees is that insertion is aleo quite simple, Con-
sider Fig. 33, for example; every leal corresponds fo a place where & new insertion
might happen. I we want to inssrd the new key 337, we simply change the
apprepriate nods from,

@

0

(n the other hand, ¥ we want to insert the new key 071, there is no room since
the correspending node on level 2 is already “full.” This case can be handled
by splitting the node into twod parts, with three keys in each part, and passing
the middle key up o level 1

3

In genexal, if we want o insert a new item into a B-tree of order m, when
all the leaves arve ot level [, we insert the new key into the sppropriste node on
level } — 1. If thai node now contains o keys, so that it has the form (1) with
F == m, we aplit it into two nodes

v S
' ¥
1\?10, Hy, E’L s W, fr»:mw) (frmgzp Kememe1, Frmmw) ey By ?m) 4)
v ¥ ¥ ¥ W ¥

R
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snd insort the key Kpmsa: fnto the father of the original node. {Thus the pointer
P in the father nude is replased by the sequence P, Kimap, 7] This insertion
may eause the father node to contain m keys, and if so, 1t should be sphit in
the same way, (G Fig, 27, which shows the ease m = &3 I we nsed io split
the root node, which has no father, we simply create a new root node contaiming
the single key Kinse); the tree gebs one level taller in this sase.

This insertion procedure nestly preserves all of the F-free properties; in
order to sppreciate the full beanuty of the iden, the reader should work exercise 1.
Note that the free more o less grows up from the top, Instead of down from
the bottors, since b gaine in height only when the root splits,

Trelation from B-trees iz onky slightly more complicated than insertion {zee
exercise 73

Upper howods on the performance. Lot U8 now see how many nodes have to
be accessed in the worst case, while searching in 8 B-tree of erder m. Suppose
that thers are N keys, and thal the N + I leaves appesr on level L Then the
number of nodes on levels I, 2, 3, ... is at Jeast 2, Hms27, A m/27% .. . hence

N+1>almey-t {5)

Tn athar words,

Xt Z) : )

1 :g 1+ Eoggnnfﬂ( o

3, Sinve we need to access at most [ nodes during a search, this formula guar-
antees that the runping dlme is quite small.

When a new node 18 being laserted, we may have to sphit as many as{ nodes.
However, the average wamber of nodes thiat need to be split is mueh less, mnce
the total number of splittings that ocour while the entire tree is being con-
structed i just 7 lees than the total aumber of nodes in the free.  If thers are
» nodes, there ave at leass 1 -+ /27 — 13p — 1) keys; henes

N oo ]
PENT T 1

1t follows that the average nusmber of times we nsed to split 2 node = less than
1/{TmfE] - 1) aphit per maertion}

0

Refinements and vaviations. There ars several ways o improve upon the basie
B-fres strusture defined above, by bresking the rules a little.

In the first plage, we note that all of the pointers in the level I — 1 nodes
are A, and nons of the pointers in the other levels aze A, This often represents
& significant amount of wasted space, %0 we can save both time and space by
climinating all the A’s snd using & different valus of m for all of the “bottom”
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nodes. This uge of two different m's does not foul up the insertion algorithm,
sinse hoth halves of a node that is being split remain on the same level as the
original node. We could in fact define a generalized Hotree of orders my, my,
s, - . - by vequiring all nonrout nodes on level £ — ¢ to have between my/2 and
i, 8o1; such & B-treo has differant m's on each level, yet the insertion sigorithm
still works essentially as hefore.

To earry the ides in the preceding paragraph even further, we might use
a completely different node format in each level of the tree, and we might also
store inforrastion in the leaves. Scmetimes the keys form only a small part of
the records in a fils, and in such cages It is & mistake to store the entire resords
in the branch nodes near the root of the tree; this would make m oo small for
efficiant multiway branehing.

We can therefore reconsider Fig. 30, imagining that aB the records of the
file sre now storad in the lesves, and that only a fow of tha keys have been
duplicated in the branch nodes. Tinder this interprotation, the leftmost leaf
oontains all records whose key is < 811; the leaf marked A contains sl records
whose key satisfies 439 < K £ 449; snd 5o on. Under this interpretation the
teaf nodes grow and split just as the branch nodes do, except that 4 record is
never passed up from & leal to the next level. Thus the leaves are always ab
leest half filled to papacity. A new key enters the nomleaf part of the tree when-
ever a leaf splits. If each lesf iy linked to its successor in symmetrie order, wa
gain the abiliby o traverse the file both sequentially and reandomly in an offi-
clent and convensent THaRIEr.

Sowe calevlations by 8. P. Ghoesh and M. E. Benke LFACH 36 (1969},
565-5791 suggest that it might be a good idea to make the leaves fairly large,
say up te about 1) eouseentive pages long. By Hnear interpelation in the known
range of keys for sach leaf, we can guess which of the 10 pages probably eon-
tains p given search argument. If our guess is wrong, we lose time, but experis
ments indicate that this loas might be less than the time we save by decressing
the size of the free.

' 31. Martin [unpublished] has pointed out that the idea underlying B-trees
can be used also for variable-length keys. We need not put bounds [m/2, mi en
the number of sons of eaeh node, instesd we can 5ay merely that each node
should be at laast ahout haif full of duta. The isertion and splitting mechanism
il works fine, even though the exact number of keys per node depends cn
whether the kevs are Jong or shork. However, the keys shouldn’s be allowed
1o get extremaly long, or they ean mess things up. {See exerrise 5.)

Auother important modificstion to the basic H-tree scheme is the idea of
taverflow” iroduced by Bayer and MeUreight. The idea 13 to improve the
insertion slgorithm by vesisting its temptation to split nodes 0 often; a local
yotation is used instead. Suppose we have a aode that ic over-full because it
containg # keys and @+ 1 pointers; instead of splitéing it, we can look first
at ity brother node on the right which has say 7 keys and J -+ 1 peinters. In
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the father node there is a key K, which separates the keys of the two brothers;
schematieally,

(xy o Kﬂi (®)
PG‘L PA’ P,,‘é' p[',‘L Fis" B}

If § < m — 1, a simple reanvangement makes splitting unnecessary: we leave
Lim = 11/2] keye in the left nods, we replace K, by Kloprsvele: in the father
node, and we put the [{m - 71/27 remaining keys tincluding X/} and the
sotrasponding pointers into the right node. Thus the full node “Hows over”
into its brother node. Un the other hand, if the hrother node is already full
(f = m — 1), we can split both of the nodes, making three nodes each about
two-thirds full, containing, respectively, L(2m — 2}/31 1{%m — 1}/8] and
12m/8 | keys:

(o Rigminnl Ele-nsl :)
B ey \e
(e ) Crpnm) (kY O

E

Pg¥ ¥ Po VELY PL P

I the eriginal node has no right brother, we can Jook at its left brother in essen-
tiglly the same way. (If the original node has both 2 1ight and a left brother,
we sould even reflrain from splitting off & vew node unless botk left and right
brothers are full) Finelly if the originai node to be split has no brothers at
sll, it must be the root; we can change the definition of B-iree, allowing the
rach to contain as many as 2] (2m — 2)/3] keye, 80 that when the root Spiits
it produces two nodes of L(8m — 2)/3.] keys ench.

"The effect of all the téchoicalities in the preeeding paragraph is to produce
asuperior breed of tree, say & B¥-tree of order m, which can be defined as follows:

i} Every node except the root has at most #1 sons.

ii} Fvery node, exeept for the root snd the leaves, has > (2m — 1)/3 sons.

1§t} The root has at least 2 and at most 2L (2m — 2)/3] -+ 1 sons.

iv) All leaves appear on the same level,

¥} A nonleaf node with & sons eontains b — 1 kevya.
The important change is condition (i), which ssserts that we utilize at least
two-thirds of the available space tn every node. This change not only uses
spacs more officlently, it alse makes the search process faster, shnee we may
replace ‘Tm/21” by ‘T (2m ~ 1337 in (6) and (1),

Perhaps the reader has been skaptical of F-froes because the degree of the

root can be as low a5 2. 'Why should we waste a whole disk access on merely a
Z-way decizsion?! A smple buffering scheme, called “least-recently-used page
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veplacement,” pvereomes this objection; we can keep several bufferdoads of
information in the internal memory, so that input commands ean be avolided
when the corresponding page is already present. Under this scheme, the algo-
rithms for searching or insartion issue “virtual read” cormmands thal are trans-
Iated into aotasl input ingtrections only when the necessary pagé is not in
memoly; & subsequent “relesse” sommand is isened when the buffer has been
read and possibly modified by the algorithm. When an actual read is reqguired,
the buffer whieh has least recently been reieased is chosen; we wreile out that
huffer, if it contenta have changed sinee they weve read In, then we read the
desired page into the chosen buffer.

Since the number of levels in the tree i generally small eompared to the
number of buffers, thizs paging scheme will ensure that the root page is shways
present in memory; and if the root has only 2 or 3 eong, the first level pages
will probably stay there too, Some special mechanism could be incorporated ta
ensure that a certain minimum number of pages bear the root are always present.
Note that the leastrecently-used scheme implics that the pages that might
need to be split during an insertion are antomatioally in memory when they
are needed.

Sorae experiments by E. MeCreight have shown that this ides 18 quite
‘ sucesssful. Por sxemple, he found that with 10 page-buffers and m =« 3121, the
! process of ingerting 100,000 keys in aseending ordsr regaired only 22 aciual
read commands, and osly 857 actual write commands; thus most of the activity
took plase in the infernal memory. Furthermore the iree contained only 835
nodes, just one higher than the minimum possihle value 106000/ (m — 137 =
834; thus the storage utilization was nearly 100 parcend. For shis experiment
i he wsed the overflow technique, but with only 2-way node splisting as in (4),
a0t 3-way splitdiog as in (9). (See excreize 3.)

In another experiment, again with 18 buffers and m = 121 and the over-
flow technlgue, he inserted 5000 keys into an inifially cmply free, in random
‘ order; this produced a 2-lavel trae wish 48 nodes {87 pereent storage utilization),
! after making 2762 actosl veads and 2739 aetual writes. Then 1000 randem
gearches required V8% actual reads. The same experiment withow! the overflow

feafure produced a 2-level tree with 62 nodes {67 percent storsge uiilieation),

aiter making 2748 actusl reads and 2800 sctusl writes; 1500 subseguent random

searches raguired 838 aciual reads. This shows net only that the paging schems
; is effestive but also that it is wise to handle overflows looally before deciding o
split o node,

EXERCISES

1. [10] What B-free of order 7 is obtained after the key 613 is inserted into Fig. 307
(Do not use the “overflow” technigue.}

2. [15] Work exercise 1, hut use the overfiow teshmigue, with S-way splitiing as
in {9},
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» 3. [28) Buppose we isert the keys 1, 8, 5, ... in ascending order info an initially
empty Btree of order 101, Which keay causes the leaves to be on lovel 4 for the first
time, {a) when we use no overfiow; (b) when we use overflow and ouly 2-way splitting
a8 10 {4); (o) whan we use & B¥-tree of order 101, with overflow and 3-way splitting
a8 in (91

4. [21] {Bayer and McUreight.) Explain how to handle msprtions inte 2 genernlizad
Betrea 5o that all nodes except the root and leaven will be guaranteed to have at least
fm -~ % sons.

» 5. [211 Suppose that & node represents 1000 character posttions of external mamory.
1f 9ach pointer takes up 5 charscters, and if the keys are variabie in length, between
5 and 50 charactets Iong, what Is the minkmuom mumber of character positions occupied
in 1 aode after 14 splits daring annserfion? (Sansider only & simple splitting procedurs
anslogous to that desershed in the text for Sxed-length-key B-trees, without “over
Howing. ")

6. [22] Can the B-tres iden be wsed to rotrisve items of s Hnear lsi by position
ingtead of by key valus? (Cf, Algonthm 6.2.38)

T, [23] Design a deletion algorithm for Brirees,

8. [28] Demign a concatenstion sigorithm for B-irees (of. Bection 8 2.8).

9. [30] Digeass how & lorge 8le, orgeuized sr a B-fres, can be wed fov multiple
scosssing and updating by a large pumber of simulbaneous ugers, in sueh a way that
users of differsnt pages rarely interfers with ench other,

14, [HMET Consider the genevalization of fvee insertion suggested by thtz and
Tagalis, where sach page can hold A keys Afier N random ifemes have been juserted
nto such & fres, 5o that there sre N -4 T external nedes, let 5L be the probebilivy
that an unsuccessful search requires k page aveesses and that it ends at sn external
notle whase father node belongs 1o u page conteining j keye, TF BF ) = 3 bila" is the

corpasponding generating funotion, prove thet BP(G) = Snz;

BYw = —g;—l—-sﬁ_l(w IES B, tor 1<l
BPG) = ,v + Eriq(aw T BELGE)

N —1 M1 -
BEOE) = o B+ :L BRI,

Pind the msympiotic behavior of C% = ¥icenBP (1), the average number of
page aceesses per unsucosssiul search. [Hing Expross the recurrence in terms of the
mubeix

-3 g 0 o
3 —4 .. 0O [H
wa o[ 0t v
o 0 M1 B
[L M1 —2

and relate £ to an Nth degree polynomial in W(i}]
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4.3 PINTAL SEARCHING 481
6.3. DIGITAL SEARCHING

Instesd of basing a search method on comparisons between keys, we can make
usge of their represenfation zs & sequence of digits or alphabetic characters,
Consider, for example, the “thumb-ladex” on a lazge dictionary; from the first
letter of & given word, we can immsdistely locate the pages whick contain all
words beginning with thab letter.

¥ we puraue the thumb-index idea to one of its logical conelusions, we come
up with n sesrching scheme based on repaated “subscripting” as illnstrated in
Table 1. Suppose that we want $0 test a given search argument to see whether
it is one of the 31 most eommon words of English {ef. Figs. 12 and 13 in Bec-
tion 6.2.2). The data is represented in Table 1 a3 a so-called “trie” structure;
this name was sageested by B, Fredkin [FACM 3 (1960), 480-500] because it is
a part of inforiation retrieval. A trie is essentially an M-ary tree, whose nodes
are M-place veotors with eoraponents corresponding to digits or ¢haraeters.
Fach node on Jevel I represents the set of all keys that begin with a certain
sequence of 1 characters; the node specifies an Af-way branch, depending on
the (4 Lst charaeter,

¥or example, the trie of Table 1 has 12 nodes; node (1) is the root, and we
lack up the first letter here. Jf the frst letter is, suy, N, the iable tells us that

~ our word raust be ¥OT (or eles §6 isn’t in the tahle). On the other hand, if the

frst letter 18 W, node (1) tells us to go on to nede (93, looking up the second
letter in the same way; node (9) says that the second lstber should be 4, H, or L.

The node vectors m Table 1 are arvanged according to MIX charaster sode.
T'his means that & trie search will be quite fast, since we are merely fetching
words of an array by using the characters of our keys as subsaripts. Teehniques
for making quick multiway dseisions by pubseripting bave bean ealled “Tanble
Look-At" as opposed to “Table Look-TUp” [see P. M. Bherman, CACA 4 (1961},
172178, 1751

Algorithm T (Trie ssarch). Given a table of resords which form an 5e-nary trie,
this algorithm searches for a given argument K. The nodes of the trie are
vectors whose subseripts run from (40 3 — 1; each component of thess veetors
is cither a key or 4 link {possibly nuil},

T1. {Initialize.] Set the link variable P w0 that it points to the root of the tres.

12 [Braneh] Set & to the next charscter of the inpat srgument, £, from left
to right. (I the srpument has been completely seanned, we seb & d0 2
“blank” or end-of-word gymbol. The character should be represented os &
number in the meage 0 £k < M) Let X be fable entry namber £ in
WODE{PY, If X ig s bink, go to T but if X s a key, go to T4

T3, [Advance] I X = 4, sel P e X and retwrn to step T2; stherwise the
algorithre terminates nnsuecessfully.

T4, [Compare.] If K == X, the slgorithm terminafes suscessfully; otherwise it
terminates nnsuccessfully. ||
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Table 1
A 'TRIE ¥FOR THE 31 MOST COMMON ENGLISH WORDS
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Note that if the search is unsuceessful, the longest maich has been found.
This property is occasionally ugeful in applieations. '
In order fo compars the speed of this algorithm to the others in this chapter,
we can write s short MIX program assuming that the characters are bytes and
thet the keys sre ut most five bytes long.

Program T {Tvie search). This program assumes that all keys are represented
it one MIX word, with blank spaces at the right whenever the key has less than
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6.3 DBIGTTAL SEARCHING 483

five characters, Sinee we use the WIX character ¢ade, pach byte of the search
argitment is assumed to contain & pumber less than 30, Links are represented

part of K.

[ START LOE K 1 1. Imttalize.

o2 ENTL R{OT 1 P« pointer to root of trie.
o3 a5 SLat 1 L% T2, Branch.

04 5TA  *+l{2:2} o Eutract next character, k.

oF ENT2 ©§,1 o qe-PEb

o8 DI G.2{0:2) ¢ P e LINK(D),

o7 JiP 2B ¢ 73, Advgnee, ToT2H Pl alink = A,
oR Lha 6,2 1 T4. Compare. vA « KEY{Q).
o3 CNPA X i

0 JE SUCCESS 1 Exit succestiully H rd = K.
i1 FATLUEE EQU = Exit if notoin the trie. |1

The running time of this program 15 8¢ + 8 anits, where £ is the number of
eharacters examined. Since £ < 5, the search will never take more than 48
wirits of time.

T we now compare the efficiensy of this program {using the trie of Table I)
1o Program £.2.27T {(using the oplémum binary seareh tree of Fig. 13}, we can
make the following observations:

1. The 4rie takes much more memory space; we are nsing 880 words just to
reprasent 81 keys, while the binary search iree uses only 62 words of memory.
{However, sxercise 4 shows that, with same fiddling avound, we can sotusily
fit, the trie of Table } into only 55 words.)

2. A stcossdul search fales anbout 25 units of time for both programs. Buf
an wnsuceessful seareh will go faster in the trie, slower in the binary search tree.
For thig dats the ssarech will be unsucosssful more often than it is suceessiul, so
the trie is praferable from the standpoint of spesd,

3. If we consider the EWIC indexing applisation of Fig. 15 instead of the
al eormrnonest English words, the trie loses its advantage besauss of the nature
of the data. For example, a trle requires 12 iterations to distinguish between
COMPUTATION and cOMPUTATIONS  (Tn this ease it would be betder to build the
trie so that words are seanned fromn right to left fustead of from left to right.)

The idea of trie memory was first published by Rene de la Briandais [Froe.
Westarn Jotnt Computer Conf. 15 (1859}, 205-2881. He pointed oub that we
san save meraory space atb the expense of running time if we use & linked Jist
for each nods vector, since most of the entries in the vectors tend 10 be empty.
In effect, this idea amounts to replacing the tris of Table 1 by the forest of trees
shown in Pig. 31. Searching in suck a forest proceads by fnding the root which
matches the first character, then Anding the son node of that root which matches
the seeomd charaeter, efe. :

Tn his ariicls, de la Briandais did not actually stop the tree brancbing
axattly a5 shown in Tablz | or Fig. 31; nstead, be continued to represent each
key, vharaster by charaeter, until reaching the end-of-word delimiter. Thus he
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6.3 DIGITAL SEARCHING 485

wenld actually have nsed

1

in place of the “H” free in Fig. 31. This representation reguires more storage,
bat 1 makes the processing of variable-longth dats especislly easy. If we use
two link fislds par eharaeter, dynamic insertlons and delesions can be handled
in o simple magner. Furthevmnore there are many spplieations in which the
search srgument appears in “unpacked form,” one charactsr per word, and
such a tree makes it unnecessary to pack the data befors conducting the search.

If we use the normal way of representing trees as binazy trees, (1) becomes
the binary iree

2}

{in the representation of the full forest, Fig. 91, we weould also have & polater
leading to the right from H o iis neighboring root I.) The search in this binary
tree proveads by comparing s charscter of the argumsut to the character in
the tree, and following RLINEs until finding & maiech; then the LLINE is taken
and we treab the nexd chavaeter of the argument in the same way.

With such a binary tree, we are more oy less doing & search by comparisan,
with equabunegual branching instead of less-greater branching. The elementary
theary of Heetion 6.2.1 tells that we must make at least lngs N comparisons, on
the aversge, 1o distinguish between N kevs; the aversge number of tests made
when searching a tree lke that of Fig. 31 must be at least as many 55 we maks
when doing & binary search using the techniques of Beetion 8.2,

On the other hand, the e in Tahle 1 is capable of making an M-way
branch ali at once; we shall sea that the average search time for large N involves
only shout logy NV == lg N/lg If lterstions, i the input date 18 random. We
shall also see that a "pure” irie scheme like that in Algorishm T requires o
total of approximetely N/in M nodes to distinguish between N random inputs;
Lenee the folal amonnt of spacs is proportional to MW /ln M.

T
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From these sonsiderntions it is elear that the trie ides pays off only in the
firgt fow lovels of the wee, We can get better performance by mixing two strate-
gies, using a trie for the first few characters and then switching to some other
technigue. For example, B H. Sussenguth, Jr. [CACAM 6 (1863), 272-279] has
suggested using a character-by—character scheme until wa reach paré of the tree
where only, say, six or less keys of the file are possible, and then we ean sequen-
tially run through the short list of remaining koys. We shall see shat this mixed
strategy decresses the number of irie nodes by roughly a factor of six, withont
substentially changing the ranning time.

An application to Eoglish, Many varistions on the basie trie and charasier
search strategies suggest themaelves, T oxder to get a feeling for some of these
possibilities, let us eonsider » hypothetical large-seale application: Suppose that
we want to store a fairly complete dietionary of the English language in the
memory of our computer. For this purpose we will, of course, need a reagonably
arge internal memory, say 50,000 words. Our gonl is fo find a compast way to
represent the dictioeary, yet to keep the searching reasonably fast.

Sueh a project is ebviously no small task; it may be sxpected %o require 3
good knowledge of the contents of the dictiomary as well as considerable pro-
gramming ingenuity. For the moment, let us iry to put oursslves in the position
of someone embarking on such & major project,

A typieal eollege dictionary containg over 100,000 words; this is somewhat
larger than sontemplated here, but a glance through sueh a dictionary will give
us aome ides of what to expest. IF we try to apply the frie memory approach,
we soon noties that important simplifieations gan be made. For examyple,
suppose that we discount proper names sod sbbrevistions, Then I the first
letter of a word i b, the second Jetier will naver be any of the characters b, e, 4,
g e, monp g s t, v, w, %, or 2 fexcept for the word “hdellinm, ” which we
migh{ ehoose to leave out of our distionaryh. In fact, the same 17 possibilities
are exclided as second letters In words starting with o, d, f, g, b 5 kL oy 1, p,
Qb v, W, K, 8, cxcept Tor n few words starting with ot, en, dw, I, gn, mn, ot,
pf, pn, pt, te, b, s iz, sw and a fair number of words which begin with kn,
ps, tw. One way to make use of this faot is to encode the ledters {e.g., to have
a 26.-word table and to perform the equivalent of “LD1 TABLE,1"), so that the
consonants b, ¢, d, .. ., 2 listed shove are sonverted into a spacial represenia.
tion greater than the numerie code for the remaining lettern a, 6, h, L, L o, 1, 4, v.
In this way, many nodss of a trie ean be shortened te a 9-way branch, with
snother “ssenpe” vell t6 be used for the rarely occurring exceptionsl letters.
This will save memory spros in many parts of a trie for English, not just in the
seoond letber position.

Of the 26% == 876 possible combinations of two lstbers, only 309 actually
oecur at the beginning of words in a typical eollege dietionary; snd of these
309 pairs, 88 are the initial letters of 15 or less words. {Typical examples of
these B8 rare paive are ag, ah, aj, ak, a0, 8g, av, a3, bd, bh, .. ., xr, ve, vi, vp,
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v, yu, yw, za, #, Bw; most people can’t hame rore thay one word from most
of these categories.) When one of the rare eategories sveury, we pan shift from
triz memory to some other scheme liks a sequential search,

Another way 1o eut down the storage requirement for a dictionary iz fo
make use of prefixes, For sxarmple, if we are looking up a word that begins with
re-, pre-, anti~, frans-, dis-, un-, ebe., we might wish 2o detach the prefiv and
lock up the remainder of the word. In this way we can remove many words
like reapply, recomputie, redecorate, redesign, redeposit, ete.; but we stifl nged
t0 retain words like remainder, requirement, refain, remove, readily, ste., since
their meaning is not readily deducible when the prefix “re-” is suppressed.
Thus we shauld first look up the word and then try deleting the prefix enly if
the first search fails,

The use of suiffixes is even more hnportant than the use of prefixes. It
would cartainly be wasteful to insorporate each noun and verb twiee, in both
singular and plural form; and thare are many other types of suffixes. For ax.
ample, the following endings may be sdded t0 many verh stems, to make a
family of related words:

- ~g8 -ing
- -7 “ings
-edly -able - ~ingly
-y -ible -fon
-7 ~nbly -ions
~6I% -ibly -tomal
0K -ability ~jpnally
-ahilitiss

{Many of thase suffizes are themealves composzed of suffixen.) If we b1y to apply
these suffixes to the stems

Gompite
ealeulat~
zeareh-
N
sranslat-
interpret-
confug-

we see that & great many words are formed; this grestly snltiplies the capacity
of our dictionary. OFf course s Iob of nonwords are formed alo, eg. “compu-
tion®; the stern somputat- seems to be necessary 53 well as eomput- Buf this
eauses 1o harm sines such combinations will never appear in the Input anyway;
and if some avthor chooses to eoin the word “computedly,” we will have a
ready-made transiation of it for him. Note that most people would understand
the word “eonfusability,” although it appears in few dictionarigs; our dietionary
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will give 2 snitshle Interpretation. if prefixes and suffixes are correctly handled,
our dictionsry may even be able to deduce the meaning of “ansidivestablish-
mentariznism,” given only the verb stem “establish.” )

OF conrse we must be careful that the meaning of each word is properly
determined bv ite stem and suffix; if not, the exceptions should be entered jnto
the dictionary so that they will be found before we sttempt o ook for o suffix,
For cxample, the anslogy befwesn the words “soclalizo” and “socislist” is not
at all the same as hetwesn “organizm” and “organist”!

These are some of the fricks that tan be used to reduce the amount of
memory needed. But how shall we represent this hodge-podge of methods
cornpactly in a single system? The answer is o think of the dictionary as a
progrem written in o special maehing language for a special inisrprefive sysions
{cf. Section 1.4.3); the entriss within 2ach node of a trie can be thought of as
inshruciions. For example, in Table 1 we have two kinds of “instructions,” and
Program T uses the sign bit as the “op-code”; a minus sign means branch fo
another node and advance 40 the next character Jor the next mstrovtion, while
» plue sign means that the argument iz supposed to be pompared to a specified
key.

We might have the following $ypes of op-codes In the interpretive language
{or our dietlonsry applieation; '

+ Testn, o, §. “If the neyxt character of the argument has an encoded valne
b < n, go to location « -~k for the next instruction; otherwise go %o
Iooation 8.

« Uompare n, o, f. “Compars the remaining characters of the argument io
the 7 words stored in locstions o, a+ 3, ..., @~k 5 — 1. If a maich is
found in location o + &, the search ferminaies suecessiully with ‘measning’
8 &, but if ne mateh is found, it ferminntes tnsuccessfully.”

« Bplit o, A. “The word reanned up to this point is 2 possible prefix or stem.
Continue searching by going to looation « for the next lnstrustion, If
thab seareh is vnsuceessful, continue sesrching by looking up the remain-
ing characters of the argument as if they were 2 new argument. If thia
second search is siccesaful, combine the ‘meaning’ found with the ‘mean-
iﬁg} 8. B

The test operation 1s essentially the trie search concept, and the compars
opsration denctes & changeover to ssquential searching. The split operation
handles both prefixes and suffizes. Beveral other operations can be envisioned
based on further Wdiosynerasies of Tnglish. It would be possible o save further
memory space by eliminating the parameter § from each instruction, simce the
memory can be arcanged so thet 3 is impled by &, %, or the lotation of the
wstraction, in sach case. ’

Faor additional information about dictionary organigation, see the interest-
ing articles by Bydney M. Lamb and William . Jacobsen, Jr., Mechandeal
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Tromslation 6 (1961}, 76-107; Bugene B. Schwarts, JACA 10 (1963}, 415-439;
B, Galli and H. Yamada, 7EM Systems J. 6 (19673, 192-207.

The binary case. L2t us now consider the special case M = 2, in which we scan
the search argument ene bit at a sime. Two interesting methods have been
developed which are especinlly appropriate for this case,

The first method, which we shall eall digital free search, is due to B, G, Coff.
mon sl J. Bve [C40M 13 (1970), 427432, 436]. The ides Is to store full keya
in the nedes just as we did in the tree search algorithm of Seetion 6.2.2, but 1o
use bits of the argument (instead of resulfs of the comparisons) to govern
whether to take the left or vight branch st each step. Figure 32 shows the free
constructed by this method when we inseri the 31 most common English words
; in grder of decreasing frequency. In order ¥ provide binary data for this
Hlastration, the words have been expressed in MIYX churacter code which was
then converted into hinary numbers with 5 hits per byte. Thus, the word WHIOH
is reprasented a5 "11010 01606 01001 00041 01000

To searsh for this word WHICH in Fig. 32, we compare it first with the word
THE at the root of the tren. Sinee there is no mateh nnd since the fixst bit of
WHICH 12 1, we move to the right and ecmpare with 0F. Sines there is no match
and sinee the second bit of WHICH is 1, we move to the right and sompars with
WITH; and so on.

It is interesting to note the sonirast hetween Fig. 82 and Fig. 12 in Ssc-
tinn 6.2.2, sinee the latter troe wasformed in the same way bub using comparisons
ingtead of key bifs for the branching. If we congider the given {requencies, the
digital search traa of Fig, 32 requires an average of 3.42 comparisons per success-
ful search; this is samewhat better than the 4.04 eomparisens needed by Fig. 12,
although of course the computing blme per comparison will probably be different.

Fig. 32 A digita! seareh tree for the 51 most vommen English words, mserted in de-
greasing order of {frequenscy.

i
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Algorithm D (Digiinl tree search). Civen a table of records which form a binary
trea as deseribed above, this algorithm searches for 2 given argument K. I X
i3 not in the tsble, a new node containing K is inserted into the tres in the
approvriate place,

This algorithm sssumes that the nodes of the tres have KEY, LLINK, and
RLINK Gelds just ag iv Algorithm 6.2.27. In fact, the two algorithes are almost
identical, a3 the reader may verify.

B [Enitiakize.] Sei P« RODT, snd K1 « K.

Do [Compare.] If X = KET(P}, the search terminates successfully. Otherwise
set b to the leading bit of K, and shift K1 left one place (thereby removing
that bit and introducing & 0 at the right). ¥ b = 8, go to D3, otherwise
go to Dd

D3, [Move left] If LLINK(P} 58 4, seb P e LLINK(P) and go back fo DZ
Oiherwise go to D5

D4 IMove vight.] Tf BLINK(P) € A, set P e RLINK(P) and go back to D2.

D3, [Tnsert into tree.] SetQ <= AVAIL, KEY{Q) « K, LLINK{G) + RLINK(Q) <« &.
I b = 0 5ot LLINE{P] « @, otherwise set RLINK{P) «— Q. |

Although the tiee search of Algorithm 6.2.27 is inhevently binary, 1t is not
diffimslt to sea that the present algorithm could be extended to an M-ary digital
seoreh for anv 3 = 2 (see sxercise 13).

Donald B, Morrison [J4CH 15 (1868), 514-534] hes discovered a very
nratty way o form N-node seareh irses based on the binary represenfation of
kays, witheu! storing keys in the nodes. His method, called “Pabricia” {Practical
Algerithm To Retrieve Information Cnded In Alphasumeris), is espesially
suitabla for déaling with extremely long, variable-length kays sush as titles or
phrases stored within » large bulk file. A closely velated algorithx was published
al almost exactly the same time in Germany by O. Gwehenberger, Hleltrondsche
Rechenumlagen 10 (1968), 223-226,

Patrieia’s basle ides s to build & binary tiie, but to avoid vne-way branch-
ing by ineluding in each node the number of bits to skip over before making
the next test. Thers are several ways to exploit this idea; perhaps the siraplest
to axplain is illustrated in Fig. 33, We have a TEXT array of bits, which is wsually
quite long; it may be stored as an external direct-aovess fils, since each search
aecessas TEXT only once. Fach kev to be stored in our table is specified by a
starting place in the text, and it can be imagined o go from this starting place
gl the way to the end of the text. {Patricia does not seavch for striet equalily
between key and argument, rather it will delermine whether or not there axizis
a key beginning with the argument.)

The sltuation depleted in Fig. 83 involves sevan keys, one starting ab each
word, namely “THIS I8 THE HOUSE THAT JACK BUILT." and IS THE HOUSE
THMAT JACK BUILT. ¥ and ... and “BUILT.”. There is one important restriction,
namely that ne one key may be o prefiv of another; this restriction can be met i
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102 % 4+ 85 8 7 % PIGIIISITGE IRV IR iSO R N 24 BE 26T PR R 30 U JH 0 34

TELT THIS I3 THE HBDUESE THAET JACE BUYILLT.
Header
{THIE}

Fig. 33. An exzmule of Patricia’s tree and TEXT.

we el the text with a unigue end-ol-text code {in fhis case “.7} that appears
nowhere slse. The same resiriction was Implicld In the twie schere of Algo«
rithm T, where )" was the termination code.

The tree which Patricia vees for sesrching should be containsd in random-
acoess memmory, or it should be arranged on pages as suggested in Section 6.2.4,

It conaists of 5 header and N — I nodes, where the nodes eontain several
fields:

KEY, a pointer fo the text. This feld must be at leaat log, € bits long, if
the fext containg O charasters. In Fig. 33 the words shown within each
nods would really be sepresented by Dointers to the text, e.gz. instead
of “{JACK}" the node sontains the number 24 {the starting place of “JACK
BUILT. "L

LLINK and BLINK, pointers within the tree, These felds must be at leash
logs NV bits long.

$7aG and BPAS, one-hit fislds whish fell whether or not LLINK and RLINK,
respoctively, are pointers to sons or to ancestors of the node. The dotted
lines in Fig. 33 correspond to pointers whose TAG bt is L.

SKIP, a number which fells how many hits to skip when searching, s ex-
plained below. This field should be large ennugh o hold the largest num-
ber & such that identieal k-bis substrings oeconr in two different keys; in
practice, we may usually assume thst k iso’t foo large, and an error
indieation can be given if the size of the SKIP field Is excecded. The
SKIP fields ave shown as numbers within sach node of Fig 33

e
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The header containg only K8Y, LLINK, and LTAG fialds

A geareh in Patricia’s tree is carried out as follows: Suppose we are looking
up the word THAT {bit patiern 10111 1000 00001 10111%. We start by looking
at the 381P Held of the root niode, which tells us to examine the Erst bit of the
argument. s I, 5o we move to the right, The SKIP field in the nest node tells
us to look ab she 1 - 11 = 12th bit of the argument. It is 3, 50 we move to the
lef$, The SHIF field of the next node fells us to look at the {12 4 1)st bib, which
i# 0, now we find LTAC == 1, 56 we go to nods v which refers us to the TEXT.
The search path we have taken would oveur for any argument whose bt pattern
is Ixxxx xxxxx 200, .., and we must cheek to see if i matehes the unigue key
whizh begins with that pattern, '

Suppose, on the other hand, that we are looking for any or all keys starting
with T. The search process beging as above, but it eventunily tries to look pi
the {nonexistent) 1%sh bit of the 10-bit argument.  Af thia point we eompaze
the argument to the TEXT at the point specified in the current node {in this
case node 7}; i it does not match, the argument is not the beginning of any key,
but i it doss match, the argument iz the beginning of every key represenied
by dotted links 1o pode 7 and s doseendants.

This process can be zpelled sut more precisely as follows.

Algorithen P (Patricin). Given & TEET array and s tres with REY, LLINK, ELINE,
LTAG, RTAG, and SKIP flelds ne deserthed above, this algorithm determines whether
or not there iz a key in the TEXT which begins with a specified argument K.
(¥f r sush keys exist, for r 2> 1, it iz mibssquently posaible to locate them all
in O{r} steps; see exeveise 14.) We sssume that at least one key is prasent.

¥ [Inidalize] Set P« HEAD and 7 - 0. ({Variable P is a peinter which will
move down £he tree, and 7 18 a counter which will designate bt positions of
the argument.) Setn « number of bita in K.

P2z, [Move left.] Bet § e P and P e LLINE(C). If LTAG{G} == 1, go to P&

P3. [Bkip Lits] (At this point we know that if the first 7 bits of X matchk any
key whatsoever, they mateh the key which starts et ¥XE¥(P}.) Set j
= SKIP(PY. Ifj > u, go to PB.

P4 [Test bit.] (At this poind we know that if the first § — 1 bits of K match
any key, they mabch the key starting at XEY{F).} If the jth bit of K is 0,
go to P2, otherwise go to PA.

Pa. [Move right.] Set § « ¢ and P o KLINKG). If RTAG{L) == 0, go to P

Pé. [Compazre] (At this point we know that if K matches any key, it matehes
the key starting at KEY{P}.) Compare K to the key starting at position
KEY {P) in the TEXT artay. T they are equal {up to » bits, the leagth of X)),
the algorithm terminates successfully; if unegual, it terminates wnsoe- .
cassfully, |
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Exeraise 15 shows how Patricia’s tree can be built in the fivst place. We
ean also add to the text and insert new keys, provided that the new {ext material
always ends with & unique delimiter (8.5, an end-of-fext symbel followed by a
serial nuraber), :

Patrieis is a little tricky, and she requires carsful serutiny before all of her
heautisg are revealed.

Analyses of the algerithms. We shall conclude this ssetion by making s mathe-
matienl study of tries, digitsl search trees, and Patricia. A summary of the
msain consequences of these analyses appears at the very end.

Lot us consider first the cage of binary fries, Lo, trieg with A7 == 2. Fig-
ure 34 shows the bimary teie that is formed when the sixteen keys frowm the
sorting exsomples of Chapter 5 are treated as 10-hit binary numbers, (The keys
are shown In octal notation, so that fov example 1144 represents the 10-bi
number (00110010015 As in Algorithm T, we use the frie to stors nformsa-
tion about the leading bits of the keys until we get to the first. point where the
key is uniguely identified; then the key is recorded in full.

5
—
] o] LSS
§ GEag
(3] 5] > ] [
1 I Wy T o]
_— LS

e 1815 | Iggid
a7 ] 21
| r—)% — s ] i it
| ! | | i Iz‘mi

Fig. 94. Example of 2 randnm binary trie,

If Fig. 34 is eompared to Tabls 5.2.2-3, an amszing relationship betwesn
srie memeory and radix-exchangs sorting is revenled, {Then again, perhaps this
relationship is obvipus.) The 22 nodes of Fig. 34 correspond precisely to the
22 partitioning stages in Table 5.2.2-3, with the pth nede n preorder come-
sponding to Seage p. The number of bit inspections in & partitioning stage is
aqual to the mumber of keys within the corresponding node and its subfries;
consequently we may state the following result,

Fheorem T. [f N distinct binury numbers are pul info a binary trie as described
above, then (1) the wumber of nodes of the irie €8 equal io the number of puriiiioning
stages reguired if these numbers are sorted by radiz-exchange; and {it) the average
nwmber of bit inspections requived & refrieve o key by means of Algorithm T de
1/N times the nwmber of bif tnspections required by the radiv-exchange sort, 1
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Beeause of this theorem, we can inake use of all the mathematical machinery
that wae developad for radix exchange in Seclion 522, For example, if we
assume that our keys are infinte-precision randeom uniformly distributed real
numbers between 0 and 1, the nusaber of bit inspections nesded For ratrieval
will be loga ¥ 4+ ¥/n 2) + 1/2 + (N} - O(N '), and the sumber of trie
nodes will be N/(In 2} 4 NgiN} 4+ 0413, Here fiN} sod g{N) are complicnted
functions which mxy be neglecied since their valus is always less than 107°
{sse exercises 5.2 2-38, 48}, )

OFf course there is il more work to he done, sines we need to generalize
from binary fries to M-ary tries. We shall describe only the starting point of the
investipationa here, leaving the instructive detalls as exercises.

Let Ax be the sverage number of nodes in n random Meary sesrch trie
that coméains ¥ keys. Then dg = 4; = 0, and for N = 2 we have

Ay § b Z (ﬁﬁ%’ ﬁffwv) {dg, -+ -gk-}!’}j 3

bppoo gl

sinee ATV /k,t | kulis the probabilisy that k) of the keys are in the frst

subtrie, .. ., kar in the Mih. This equation can be rewritten
N
An =1 + .ﬁfl"“‘v Z (""T“M"mm"“";) Az
By e o kipg ¥ kb K 1

=1k MY (ﬁ) (M~ DY %4, for NZ=2 {4
[

by using symmetry sud then sumeming over by, . .., karn Similarly, # Oy denotes
the sverage toial mumber of bit inspections nseded to look up alt ¥ keys in the
trie, we find €y == ) = ( snd

Oy = N+ M"Y S (JD (M~ 174 for N2Z2 (B
13

Tixarcise 17 shows how to deal with general recurrences of this type, and exer-
vises 1825 worl oub the corresponding theorv of randorm tries. {The analysis
of dx woe first approachad from another point of view by Lo B. Johnson and
M. H. MeAndeew, JBM J. Res. and Devel. 8 (1664), 186-193, in connaction
with an squivalent hardware-oriented sorting algorithm,]

If we now turn te a study of digital seareh traes, we find that the formulas
are similar, vet different enough that it is not easy to ses how to deduce the
asyinptotic behavier. For example, if Oy denotes the average total nunber of
bit inspestions made when looking up all N keys in an M-ary digital search tree,
it is not diffeult in deducs as above that &y == £, = 0, and

Dway o= N+ M7 Z ({Z) (3 — YT, for N=o 6}
5
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This is almest identical to e (5); but the sppesrance of N -+ 1 instead of N
on the left-hand side of this equatlon iz enough o change the entire characier
of the recurrence, and so-the methods we have ysed to study (5} are wiped out.

Let's consider the binary case first. Figure 35 shows the digital search tree
sorresponding to the sixieen example keys of Fig. 84, when they huve besn
inserted in the order uged in the sxamples of Chapter 5. If we want fo deter-
mine the sverage number of bif inspections made in a random suecessful seareh,
thiz s just the internal path length of the tree divided by N, since we need ! bit
inspeciions {o find a node on level I Note, however, that the average number
of bit inspections made in 4 random unsuccessful zearch is not simply related to
the exberns! path longth of the troe, sinee unsuecessful searches are more iikely
0 occur st external nodes near the root; thus, the probability of resching the
loft sub-branch of node 06075 in Fig. 35 is 4 (assuming infinilsly pracise keys),
and the left sub-braneh of node 0232 will be encountered with probability only
gy (For this reason, digital search trees tend to stay betier balaneced than the
binary seareh trees of Algorithm 6.22T, when the kevs are uniformly
digtributed.)

Fig. 35, A random digital seareh tres eonstructed by Algorithm B

We can use 2 generating funetion to describa the pertinent sharacteristics
of & digital search tree. If there are g internal nodes on level |, eonsider the
generating functon alz) = Ten'; for example, the generating luuction eor-
responding to Fig. 35 is alz) = 1+ 2z -+ 42® - 52° 4 d2*. 1T there ave &y ex-
ternal nodes on level I, and if 5(2) == T bz’, we have

Blzy = 1+ {2 — Dal®) {7

by exercige 6.2.1-25. For example, 1 -+ (%8 — 1)1 - %2 -+ 428 4 52 4+ de®) =
32 ++ 62 - 825, The average number of bit inspections made in a random
suceessful search is #°(1) /1), sinve a’{1} is the internal path length of the tree
and a{1) is the number of internal nodes, The avarage number of bit inspections

e
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made in a random unauccessful search v 1052 = ébl'(é} = {4}, smce we sngd
ap at & given external node on level I with probability 2% The number of
eomparisons is the same as the numhber of bit inspections, plus one in & success-
ful search. For example, in Fig. 35, a suecessful search will take 2% bit inspec-
tions and 3% comparisons, ob the average; an unsuecessiu! search will take 3%
of each.

Now let gy (2} be the “average” afz) for trees with & nodes; in other words,
(2} is the sum Foprer(z) over all binsry digitel soarch trees T with & internal
nodes, where aple) 13 the generating function for the internal nodes of T and pp
is the probability thet 7 ocours when N random purebers are inserted using
Algorithm D, Then the aversge number of bit inspections will be ghe(1/V in 2
suceessful seareh, gy {4) in an unsuccessful search.

We 2an compute go(z) by mimicking the tree censbruction process, as
follows. I a(z) is the generating function for a tree of N nodes, we ean form
N —+ 1 trees from i by making the next mgertion into any one of the external
node positions. The insertion goes inte a given external node on Jevel { with
probabiliby 270 hence the sum of the generating functions for the ¥ < 1 new
troes, mulfiplied by the probability of oeeurresnce, is af2) -+ M2} — afs) L1 —
{z — Dafde). Averaging over all trees for N nodes, it follows that

gnaa(E = gala) b 1 b (z o Ligw(3e); golz} = 8. &
The vcorresponding generuting function for external nodes, Ay{z) == 1 -

{2z — llgw{z), is sumewhat easier to work with, because (8) s eruivalent to
the formauls

At} = hni@) + (2 — Lhpide);  fole) = L (%
Applying this rule repeatedly, ws find that

hyai(s) = hpoa(2) + 2022 — Dhy_i (b2} + 2o — Dz — Dha1(32)
= bz} b 38— Dhyog(32) + 28 — 1)z — Dhw_o(de)
+ {2z — Dz ~ D {{z — 1hg..y{iz)

and 8o on, so that eventually we have

hyie) = ¥ (i‘f) e -1y {16)
&

G F <k
prle) = 3 (kNl) H e —-n. (11}
o4+ + 05wk

Forexample, gafe) = &+ 6z ~— 1} -+ 4z — 13da — D+ 2 — Llde — {2z — 1.
These formulss pake i possible to express the quantities we are looking for as
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sums of products:

. N i
U = gi(1) = ( ) {27 -1y, (1)
¥ * :% k+2 1};[<k
av(F) = 3 (kN 1) M e —0=0pn—0v (3
Ezo v ¢ gsyse

It is not ai alf obvieus that this formula for Ty satisfies {6)!

Unfortunately, these expressions are not suzabla for caleulation or far find-
ing an ssymphotie expansion, sicee 277 — I is negative; we get Jarge tarms snd
& lot of eancellation. A more sseful formula for Ty can be ohtained by applying
the partition identities of exercize 5.1.1-16. 'Wa have

Cy = (II - ?“"J> 2 (,: i 2) S VL | [C T

Fel L4 fES ]
(o) g () e g e o
FER} ki 0 prv-4 18-S
= S (E (t) (=2 e 1 o EWN) IMa-—-27 "%
G k iz

. Z 2m{(1 o 2mm)n' S 2mmN) E (Mmgmmml)m‘zmﬂ(nmzﬂ?
mE and
« I a=-z7vt G4

1nren

This may not seam af first glance to be an imprevement over Eq. (12, but it
has the great aedvantage thai it converges rapidly for each fixad #. A precisely
anslogous situaiion oceurred for the trie case in Bg. 5.2.2-38, 30; in fact, if we
consider only the # == § tarme of {14), we have exactly N — 1 plus the number
of bit inspections in & binary trie. 'We can now proesed 1o get the asymptoiie
valus in essentislly the same way as before; see exercise 27. [The sbove deriva-
tion is largely based on an approach suggested by A. . Konheim and D, 3, New-
mah, EMsorefe Mathemoties 4 (19733, 57-63.]

Fivally let us take » mathematical look st Patricia, In her case the binary
tree is like the corresponding binary trie on the samo keys, bui sguashed to-
gether {(because the SHIP flelds eliminate i-way branching), so that there are
N — 1 internal nodes and & external nodes. Figura 38 shows the Pairician
free corresponding to the sixteen keys in the trie of Fig, 34. The number shown
in each branch node is the amount of SKIP: the keys ars indiested with the
external nodes, although the externsl node is nob explieitly present {there is
setually & tagged hink to an internal node which references the TEXT, in place
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Fig. 36. Patrisis construets this tree instead of Fig. 84

of ench externsl node} For the purposes of analysis, we may asssmne that
estoreal nodes exist as shown.

Binee successful searches with Putricis end at external nodes, the average
namber of bit Inspections moade in 2 random suscessful search will be the external
path lenmth, divided by N, If we form the generating function i{z) for external
nodes as above, this will be MO0/, An wnsuccessful ssarch with Pabricls
© also ends at an external node, bub weighted with nrobability 277 for external
nodes on level [ so the average number of bit inspeetions iz 34(3). For example,
in Pig. 38 ws have b(g) = 32% -+ Bzt -k 3% - 245, there are 43 bit inspections
per suecessful search and 325 per unsuccessful search, on the average,

Lot Ay(z) be the “average” biz) for a Patvician tree construcked with N
externgl nodes, ustng uniformly distributed kevs. The recurrence relation

hole) = 317" 5 ] (Z) h@)z 4 bl —2)), Role) = 0, M =1 (15
¥

appears to have no gimple solution. But fortunately, thers is & simple recurrenge
for the aversge external path Tength AL{1), since

Bifiy == 2t" % (”Z) i1y 4 gt % (Z) B(L ~ an)
= — 2y 4 2t 2},: (’;) RLCE). (16)

Bince thiz has the form of (8), we ean ose the methods akeady developed to
aolve for RL{LY, which turng out to be exactly n less than the corrzaponding
number of bit inspections in a random binary trie. Thas, the S5IP fields save us
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about ons bit inspeciion per successful ssarch, on random dats,  (See exer-
cisa 31.) The redundaney of typical resl dsta will lead to greater savings.

When we try to find the average number of bit lnspections for a random
unsuncessful search by Patricis, we obtain the recurrence

1
@y v [ Fo— :E (:) i, far w2 2; ag = gy~ G {17}
&

Hore @n == #R0{%}. This does not have the form of any recurrences we have
studied, nor is i easily transformed Into such a recurrence. Inm faet, it burns
wtb that the solution invelves the Barnoulli numbers:

s 2 (et w

FLECn

This formula I probably the hardest asyraptotic nut we have yet had to crack;
the solution in eyereize 34 is an instruetive review of many things we have done
before, with some shightly different twists.

Summary of the smalyses. A8 & result of all the complicated mafhematios in
this seetlon, the following facts are perhaps the most nobeworthy:

fa) The number of nodes neaded fo store N random keys in an M-ary trie,
with the tie branching terminated for subfiles of s keys, s approximately
NAsin AN, (This approximation is valid for large N, small s, aod small W
Bince a tris node involves & link Helds, we will need only about ¥/In 3¢ link
fislds if we chooge 8 == M.

(b} The number of digits or charasters examined during & random search
is approximately logar N for all methods considered. When M = 2, the various
analyses give us the following more accurate approximations to the number of
bit Inspections:

Sueeassiul {Insnecessful
Trie search le N+ 133275 le N — 6.10895
Digital tree search lg N — 171665 lg N 0.27305
Patrivia lg & -+ (0.33275 e N — 0318758

{These spproximations can al] he expressed in terms of fundamental mathe-
matieal gonstants, e.g. 031875 atands for fln 7w — ¥/ m 2y — 1/2)

e} “Random” duta hers means that the 3 -ary digits are uniformly distrib-
uted, as if $he kevs were real mmmbers botween 0 and 1 expressed in M-ary
notation. Digital saarch methods are insensitive to the order in which kays are
entered into the file {except for Algorithm I, which is only slightly sensitive to
the order); but they are very sensitive to the distribution of digits. For example,
if § bits are much more eommon than 1 bits, the frzes will become mueh more
skewed than they would be for random dats as censidersd in the analvses cited
wbove, (Exercise 5.2.2-53 works out one example of what happens when the
dats is blased In this way.)
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EXERCISES

1. [06] I o tree has leaves, what does a trie have?
2, 120} Design an alporithm for the nsertion of a new key into an A-ary trie, using
the eonventions of Algorithm T.
3. 8!} Design an algorithm for the deletion of & key from an Meary tric, using the
sonventions of Algorithm T,
» 4. 121} Most of the 360 entries in Table 1 sre blank {aull hinks). But we ean compress

the table inte only 55 entrias, by overlapping nonblank entries with blank ones, as
intiows:

Pesition |~ |21 ] |e]eowlnlsl[aln[=Talelninlalg mla n|g 885

| b e e | emEe e —f jury .

rary | 128 B BBl E|BElxe 8 elsinldalZla B8 sl
e N R B EIEEEEE E R B EREELE
= slalale Bl ol e gl G
Emﬁﬁlggﬁﬁgzcé%:ﬁaﬁﬁr;{’,3&«:{§:E\;

{Nodes {13, {2), . . ., (12} of Table 1 begin, respectively, ot positions 26, 1, 14, 21, 3, 10,
12, 1, B, 26, 14, 2 within this compressed tabla.)

Bhow that i the somprossed table is substituted for Table 3, Program T will still
work, but not quite as fast,

» 3. [Me8] (Y. N, Patt.) 'The trees of Fig. 81 have their letiers arranged in alphabetic
order within each family. This order is not necessary, and if we rearrange the order
of nodes within the families before sonstraciing binsry free pepresentstiong such as
{2) we may get o faster soarch, What rearrangement of Fig. 31 is optimum from this
standpoint?  {Uss the frequency assumptions of Fig, 82, and find the forest which
minfmizes the sucsessful seareh time whep it has been represented as a binary tree.)

6. [18] What digital search free is obained 1§ the fiftesn 4-bit bingry keys 0001,
0018, 8011, ..., 111} are imeerted in inereasing order by Algorithm D? (Btart with
0001 &6 the root and then de fonrteen insertions.}

» 7. [3£98] If the Bitesn keve of exevcise 6 are inserted in a different prder, we may
zet a different free. OF all the 157 possible permutations of these keys, which is the
worst, in the sense that it produces a free with the greatest internal path length?

§. {20} Consider the following changes to Algorithm DY, which have the effect of
dlirinating variable K1: Change "K1” to “K” in both piaces in step D2, and delete
the operstion "K1 « K" from step D1. Wil the resuliing abgorithm still be valid for
searching and Insertion?

9. 12/} Wyite & MIX program for Algorithim D, and compars 1 to Program 6.2.2T.
You may use binary opersticns such as SL8 {shift loft AX binaryy, JAE {Jump If A
sven), etc.; and you mey also use ihe ides of exercise 8 1f & helps,

10. 123] Given nfile in whick all the keys are n-bit hinary numbers, and given a scarch
srgument K = byby . . by, suppose we want to find the maximwn vslue of k such
that there is a key in the file beginning with the Dit pattern hiba . o, b How can we
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5.3 DIGITAL SRARCHING E01

do this efficiently if the file is represented as {a) a binary search tree {cf. Algarithm

6.2.2T); (b) » Winary frie (ef. Algorithm T); {c) 2 binary digital search tree (¢f. Algo-

rithm T3¢

1L {21] Can Algorithm 627D be used withont change to delete a node from

digitsl search tree?

12, [35} After o random element iz deleted from a random digital seaveh tree son-

stracted by Algorithm 1, is the resulting tree still random? {(Cf, sxercise 13 and

Theorem 6.0.81.)

18, [80) (M-mry digitel searching) Faxplain how Algorithms T and T} can be come

bined into a generalized algerithm that is essentially the same as Algorithm D when

M = 2, What changes would be made to Table 1, i vour algorithm igused for 3 — 307
»14. (25} Design an efficient algorithm that san be periotmed just after Algorithm P

has terminated successfully, 1o loeate all places where X appears in the TEXTL.

15. [28] Design an efficient algorithrn that can be used to constret the tree used by

Patricia, or to insert new TEXT references into an existing tres. Your insertion alga-

vithm should refer $o the TEXT array at most twice.

16. (22} Why is i desirable for Palricis {o malke $he restriction that np key is a

prefix of another?

17. {385 Pind o way to express the solution of the recurrence
Bg =2y =0, g om b z (Z) fm— ", g,
&
in terrs of binomisl trangforms, by generalizing the teehnique of axercise 5,2.2-88.

18, [M21] Tlse the resuli of exercise 17 to express the solutions to (4) and (5) in
terms of functions /s and Va analogous to these defined in exercise 5.2.2-38.

19, [Haf83) Find the ssymptotic value of the funciion

, B -0
K, 5, 5 o 2 (:)(s) wEel —

22

to {1} as »—r o, for fived ¢ 2 6 and m > 1. [The case s = § has already been
solved in exercise 85.2.2-B0, and the cage 8 = ), m = 2 has heen solved in exarcice
5.2.2-48]

» 30, (3301 Consider M-ary trie memory in which wo uge a sequential seareh whenever
redching a subfile of ¢ or less keys, {Algorithm T iz the special case 5 = 1) Apply

the resulés of the preceding syercises o snalyre {8) the average vumber of trie nodes;.

(b the average number of digls or charscler ingpeetions in & suscesaful searchy and
io) the average number of comparisons made i a sucesssiud soarch, Btate your anivwers
a3 asympiolic formulas 88 N - oo, for fized M and &; the apswer for {z) should be
correct to within G{1), and the answers for (1) and {¢) should be eoerset to within
QN 1) [When M = 2, this analysis applies alse f0 the modified radin-exchange sort,
n which subfles of sise <# are sorted by nsertion.]

2L [325] How many of the nodes, in & rendom M-pry trie containing ¥ keys, have
a null pointer in table entry 67 (For example, ¢ of the 12 nodes in Table | have a null
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puinter in the “U” positton. “Random” in this exercise mesns 25 usual that the charac-
ters of the keys are uniformly distritmied hetween 8 and M — 1.}

22, [M#5] How many trie nodes are on level [ of 4 random M-ary inie sontaining
Nkeys forl= 1,8 ...7

28. [M26] How many dight inspections are made on the average during an ansuceessful
starch in an M-ary trie containing N random keys?

24, [M85] Consider an M-ary tris which has been represonted as 5 forest {of, Fig. 31),
Find exact and asymptotic expressions for (a) the average aumbser of nodes in the
forest, and (b) the average number of times *P « RLINK({F}"™ is performed during =
random successiul search.

» 35, [M24 The mathematienl derivations of asymptetis values in this section have
besn quite difficuls, invelving complex variable theory, becanse it is desirable to ged
move than just the leading term of the ssymptotic behavior (and the second term is
intrinsically complicated). The purpose of this sxercise is to show that clementery
methods are good snough o deduce some of the results in wesker form. (a) Prove by
induction thet the solution o {4) satishes Ay < MIN — 1/ — 1y for H 2> 1.
{by Let Dy = Ow — NHy..i/Un M}, where Oy is defined by (8). Prove that Dy =
UN): hence On = N logy N -+ QN [Hint: Use {a) and Theorem 1.2.74.]

26, (23] Delermine the value of the infinite product

(=31 — DL — PO — g . ..

corrent to five decimal places, by hand ealeniation. [FHiasr Cf, exercise 5.1.1-16]

2%, [H3£81] What is the asywnpiotic value of Oy, as given by {14), to within O(1)?
28, [H#26] Find the ssymplotic sverage number of digit ingpections when searching
in & randem M-ary digital search 4ree, for general Af > 2 Consider both successiud
and unsuecessiul seareh, and give your snswer to within O(H ~1).

29, {M38] What is the ssymptotic aversge pumber of nodes, n an M-ary digital
search tres, for which all 3 Hnks are null? (We might save memory space by eliminats
ing sueh nodes, ¢f. exereise 133

390, [M#4] Show that the Pairician penerating function k.fz2) defined in {15} ean be
expressed inthe rather horrible form

m o} i
" E ® E (ﬂi Cay 3:«) {?,“1 — I)(ﬁ"["‘*’“i e 1) .. {2&1‘%"'*&8‘ J— I}

mel g e en it st e 1 i
By e B2 1

FThus, if theve is & simple formuln for A.{2), we will be sble o simpli{y $his rather
ungainly axpression.]

31 [M21) Solye the recurrence €16).

32, [MEI] What is the average value of the sum of all SKIP fields in a random Patri-
cian tree with N - 1 internal nodes?

33, [480] Prove that (38) is & solution o the pecurrence (17}, [Hini: Consider the
genorating funetion A(2) = 3. pwp 87/ 2l) :

GN 005741




6.3 DIGITAL SEARCHING 503

a4, [HA5i0] The purpose of this exercise i 1o find the asymptotic hobavier of (18).
{a} Prove that

1 a\ e ot - e A P
n 2 (ﬁs) P10 Z( gitwid TwTEN

2tan 21 =

{b) Show that the sumrsnd In (8} can he approdimated by L/{e® — 1} — Lio-+ 1/2,
whers @ = n/2{; the resulting som equals the original sum -+ G(n"*). (€} Show thut

afob i
LS %f HOT( " de,  foreeslz > 0.

P
{d) Therefors the sum equals
N fmwi‘» ({E}I‘{z)‘n—’dzm; D=
Pt S gre AT 1 T :

evaluate this integral.
» 35, [M20] What is the probability thet Puiricia’s tree on five keys will be

with the SKIP fields o, B, ¢, d a5 shown? (Assume that the keys have independent
rendom bity, and give your spewer 33 a function of &, &, ¢ and 4.}

%6, [BF25] There are five binary trees with thres intersal vodes. If we consider how
frequently each particular one of these vocurs ss the seazch troe in various algonithms,
for random data, we find the following different probabihities:

g}

Tres search + + % 4 i
{Algorithm 5.2.27)

Digital tree search & 3 3 % £
(&lgorithm D

Patricia % * g t ¥

{Algorithm £}
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{Note that the digital search tres sends to be balanced more often than the othem.)
In exercise 6.2.2-8 we found that the probability of & tree in the tree search algorithm
was [1(1 /2(z)}, where the produet is over all internal nodes x, and s(r} 18 the number
of internal nodes in the sublree rocted at 2. Find similar farmulas for the probability
of & tree in the case of (a) Algorithm I3 (b) Algorithm P.

» 37, [822] Consider o binary tres with §; external podes on laval & The text observes
that the running $ime for ansgecossful searching in digital search trees is not directly
refated o the axvierna] path length 3 0y, but instead it is essentially proportional to
the wmodified external poik longth 3 27 Prove or disprove: The smallest modified
external path length, over all tress with N external nodes, ccenrs when oll of the
external nodes appear on ab most two adjacent levals, [CL exerciss 5.3.3-20.

38, (M40l Develop an algorithm o find the n-node tree having the mintmum value
of o {internal path lengthy < 8- {modified externa! path length), given a and @
{CF, mxergise 87.) .

39, (M47] Develop an algorithon to find optimum digibal search trees, analogous 4o
the optimum binary seareh trees considered in SBection 6.2.2.

49. [85] Let agayaa. . . be o periodie binary sequence with apse = mfor sl 2 0
Show shat there Is a4 way o vepresent any frxed sequence of this type in O{N} memory
tocations, se that the following operation can be doue in only O{n} steps: Givan any
binary pastern baby . .. Ba.y, determine how often the paitern ceewrs in the period
(i.8., find how many valsepof pexist with 0 < » < Nand by = apepfor8 < & < my
{The tength n of the patiern is variable as well as the patdern Hself. Assume that
each memory location i big enouph to hold arbifrary integers between D and N

41. [HA 28] This is no application to group theory., Lat & bhe the free group on the
tetbers oy, .. ., 6}, 16, the seb of all strings @ = by ... b, where cach 4 ig one of
tha gy ot 457 and no adiscent paie a;a7 or of Yoy coours, The inverse of o s 370, L BT,
and we multiply two sueh strings by concatenating them and suncelling adjacent
inverse pairs, Let ¥ be the subgroup of & geverated by the strings {8y, ..., Bak,
i.e., the set of all alaments of 7 which can be written as products of the @'s snd their
invarses. It can be shown (see Marshatl Hall, The Theory of Oroups {New York:
Maomitian, 10503, Chapter 7) that we may slways find generstors 61, ..., B, of H,
with m < p, satisiying the “Nielsen property,” which siates that the middle chavaster
of #; {or at least one of the {wo central characters of §; if it has even length) 18 never
cancelled in the expressions 8.8 or 816, 6 = &I, unless = {and e » —1, This prop-
arty implies thet thera iz a simple algorithm for testing whethar an srbitrary clement
of G s in H: Record the 2m keys 81, ..., 8. &5, ..., 631 in & character-orfented
search iree, using the 2n letiers ay, ..., e )7, .., a7 Leto=f81...5 be s
given element of G i r = {4, & is obviously in . Otherwise lock up e, finding the
tomgest prefix by .. . B that matches & key. If there is more than one key beginning
with®y ... by, @ isnotin A otherwise let the usigque such key be by .. lyey . . 0p = 6
and replsce o by &% = oy .. T sar ... b I this new value of w is longer
than the old (e, 1 > &), o s netin H ; otherwise repeat the process on the new value
of e The Nishsen property implies that this algorithm will always terminate. H e ds
eventually reduced $o the null string, we can reconsiruet the representation of the
eriginal ¢ a5 4 produet of §'z,
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6.3 PIGITAL SEARCHING filts]

For example, lot (G, f2, 82> = (88D, 0 te=1=1 ba B} and a = bbobuach. The

foresh
0
of520
o ® \(K
oy

san be wred with the above alganthm to deduce that & = §:87°0:87'97". Tmplement
this algorithm, given the s as Inpus $o your program.

a5 g; 85 4 et

42, (28] {Froni and ronr comypression.) When » st of binary keps Is being gsed ae
an index, to partition 3 larger file, wo need not store the full keva, For example,
the sixfeen keys of Fig. 84 are used, they can be truncated a¢ the right, 23 soon as
enough wigits have besm given fo uniguely identify them: 0003, 0401, 00108, 00101,
010, o« oy LTLG0GL, These sruveated keys ean be wsed 1o partition a file into seventren
parts, where for example the Bfth part consiste of all keys beginning with 6011 or 010,
and the last part containg all keys beginning with 3111061, 131103, or 1211, The trun-
cated keys ean be represented more compaetly if we suppress all leading digits cotnmen
o the pravious key: 0800, #exl, #2100, #xxs], =10, ..., #*¥=xx+l. The bit following
a * 13 alwayz 1, 30 it may be suppressed. A large file will bave many *'s, and we need
store only the numbar of *’s and the values of the following bits. (Thiz compression
jechnigue was shown to the author by A, Hailer and R, 1, Johnsen,)

Show that the total number of bits in the compressed file, excluding *'s and the
following 1 bits, is always eqgual to the number of nodes in the binary trie for the keys,

{Congeguently the sverege tosal nomber of auch bits In the eatire index is about
N/(n 2), only 1.44 bits por key, S6ill farther compression iz possible, sinae we need
only represent fhe frie structurs; of, Theorero 231 A
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6.4 HASHING

So far we hove considered search methods based on comparing the given argu-
ment K to the keys in the table, or using 148 digits to govern & branehing progess.
A third possibilify s to aveld sll fhis rutamaging aroumd by dolog some arith-
metical caleulation on K, computing & functien f{K) which s the loeation of K
and the associated data in the table.

For example, let's consider again the set of 31 English words whith we have
subjeeted to various search sirategies in Section 6.2.2 and 6.3, Table 1 shows
& shoré MIX pregras which transforms each of the 31 keys into a unigue number
FIK) between — 10 and 20, If we compere this nictliod to the 81X programs for
the other methods we have considered {e.g., binary seareh, optimal tree search,
trie memory, digiial tree search), we find that it is supertor from the standpoind
of both space and speed, excopt that binary search uses slightly less apace. In
fact, the aversge time for a sueeessful search, using the program of Table |
with $he frequensy data of Fig. 12, is only sbout 1784, and only 41 table loea-
slong are needed to store the 31 keys.

Unfortunately it isn’t very esey to discover such functions FK). There
are 41°1 = 10°® possible functions from a $1-elnment set into & 41-elepuent set,
and only 41-40 - - 11 = 411/100 = 10% of them will give distinet values
for sach argument; thus only aboub one of every 10 million funetions will he
suitable.

Funstions which avoid duplicate values sre surprisingly rare, even with g
fairly large table. For exasmple, the famons “birthday paradox™ asserts that if
23 or more people are present in & room, chances are good that two of them

Table 1
TRANSFORMING A SET OF BEVS INTO UNIGQUE ADDRESSES

2 ¢ 45 o5 5 x 8 E 2 % @ @
L1 S = El - % 2] <] 2 e o = =
Tissbriion
LEIR Wil:i: 1 1 13 i i 2 2 -2 -85 —4§ —H& 8 K 8
LD Kqm:El -1 -1 -1 -1 -1 -2 -2 -2 -5 -4 -8 -3 -8 -3
INGT 8,5 ey 8 FLUNES B & S R E A - 2 B oewl5 el eell ewd]
JIP s - & % 14 -3 14 13 2 5 w15 M -l =i
INCI 16,2 T . . . 18 . . . . ¥ 2 it i)
LR BEE 7 & 10 13 14 1% 4 18 2 & 2 2 i i
J2E 0 ar T & W13 O id 1B 2 B 2 2 il Hil
THO1 85,2 R O ] . . i R S ALY+ B | . i
J1P  gF e b I 3] . . g R A SR - B | . 1
;meL 1R . ™3 & . . . B B T a5
LA Biad . =3 k| . . . .o =735
JRE 8 .o o—3 2 . . . .23 T 2
oBGn -3,2 . . . . . . . & . ih
JiN  &f . . . . . . . - . i . 15
HNol 1% R . R . . R . . I8 . pray . .
@ LB K ¥ -5 I P £ I F 1% 25 13 —F a5 B3 i3
CHPA TABLEY T —3% 2 012 14 & 0 o1’ o: g -7 % i0 b
BHE O FRILURE T —3 F O o1& & 0% 1 R O1G ~T oI5 i i
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will have the rame month and day of birth! In other words, if we select a ran-
dem function which maps 23 keys info a table of size 365, the probability that
no two keys map mio the same Jovation is only 0.4937 (ess than one-half),
Skeptics who doulst this result should try to find the birthday maies st the nexs
Inrge parties they attend. [The birthdey paradox spparently originated in
wnpublished work of H. Davenport; of. W. W. K. Ball, Math. Recreatioms and
Begays {1558), 45. See alse B von Mises, Fstanbul Universilest Fon Fakiiliasi
Meemuosi 4 (1938), 148-163, and W, Feller, dn Infroduction o Probability
Theory (New York: Wiley, 19500, Section 2.3 _
« On the other hand, the approach used in Table 1 is {aitly faxible [ef. M, Gre-
niewski and W, Turski, CACMH 6 (1985), 822-5323], and for a mediumesized table
a sitable [unction cen be found after about a day's work. In fact it is rather
SIUERE to solve a pussle Hke this _

Of courze this methed has s serious faw, sinee the conients of the fable
must e known in advanes; adding one more ksy will probably ruin everything,
making it neeessary 0 start over almost from scrateh. We can obtain a much
more versatile method if we give up the idea of uniqueness, peemitiing different
keys to yield the same value f{K), and using a speeial method to resolve any
ambiguity afier fIK) has been computed.

These considerations lead to & popular class of seareh methods commonly
known as hasfing ar seolier sloroge technigques. The verh “lo hash™ means to
chep something up or g6 make a yocey out of it) the ides in hashing is to dhop
off some sapects of the key and to use this parkial information as the basis for
searching. We sompute a hash function A{K} and use this value as the address
where the search begins,

The hirthdny paradox tells us that there will probably be distinet keys
K; »¢ K; which bagh to the same walue ALK = (K} Buch an ocourrence s

a z w e 85 & = & 3 g 4 2 E' 5
o bl [+ %3 =3 = [= 3 =] H = E E.:f o § L 5E

Contanta of 11 after sxecuiing the instruchon, given a partivular key K

-~ —8 -8 =% =15 1§ -t 1§ 23 —RF —3F —88 -8 20 D5 28
&  wd —H —H —4 —iF 1§ —~} 18 -3 —3% —P% U 2§ i 26 28
=T w17 —% & 8 —7 -8 49 8% —23 —23 -3} 1% 3§ -2 I3 130
=7 37 —2 5 & -7 ~1% ~% -5 —43 —~2F 25 1% 53 --26 BB 20

: 18 el 2% . . 26 4 24 30 13 1 i | A K 4 G 12
H 15 -1 2% a & 25 4 a2 20 k 1 i 17 wlé ju] 1%
: R S B 8 25 £ s 30 )3 1 H w14 2 ju 132
12 . . . . W . . R B RS 1] .23 -2 —& 3

12 . . . . 20 . . P A B S ) B B

. . . 2 S A B 4 . -1 P .

. - . B L K . 11 —1 bz .

. . . —14 —B 2 . ol ] .

- . . -1t .o . B} 11 .

. . . e 1} L R . . By 11 .

—1 2% @ & il 4 Frd b I L I i1 | ] 21 3

—1 28 & & 30 % 22 I 17 | R 21 3

-1 25 5 & 2 4 a2 b1 S TV S 17 1 —& @ -3
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called a collision, mnd several interesting approaches have been devised o
handle the collision problem.  In order o use s seatter table, a programmer
must make two almost independent deeisions: He must choose 2 hash function
(K}, and he must selest a methed for collision resolution. We shall now con-
sider these two aspects of the problem in turn.

Hash functions. To make things more explicit, let us assume thronghout $his
section that our hash funetion & takes on af most M different values, with

05 KA < M, {1}

for altkeys K. The keys in actual filss that srise in practice vsually have 4 great
deal of redundaney; we Toust be eareful to find » hash function that breaks up
elusters of ahnost identical keys, i order to reduse the number of eollisions.

It is thearetieatly impossible to define g hash Function that creates random
duta from the nonmudlorn date in actual files. Bub in practies it is not difficuls
to produee a pretiy good imtation of random dats, by Using simple arithmetio
ue we have discussed in Chapter 3. And in {aet we can often do even better,
by cxploifing the nonrandem properfies of actual dats to eanstruet s hash
funetion that leads to fewer sollisions than truly random keve would produce,

Consider, for sxample, the case of 10-digit keys on a decimsl computer.
One hash funcion that suggests iself is fo lel M = 1000, say, and to let A{K
be three digits ehosen from somewhere near the middle of the 20-digit producs
K ow K. This woukd seemn o yield a fairly good spread of values between 000
andd D89, with low probabilisy of collisions. Experiments with actual data show,
in fact, thai this “middle square” method isn't bad, provided thai the keys
do nob have o Rt of leading or $railing zeros; but it turng out that thers are
safer and saner ways to procesd, jusi as we found in Chapter 3 that the middie
segiare method s notb an especially good randorn ninhey generator

Extensive tests on typleal files have shown that two major types of hash
functions work quite well. One of these is based on division, and the other 15
baged on multiplication,

The division method is particularly easy; we simply use the remainder
modalo 37

K = K mod M. (23

In this case, some valtes of I are abviously much betler than others, For
examgle, if M is an even number, A(B) will be evern when K is sven and odd
when K s odd, and this will lead 1o a substantial biss in many fles. ¢ would
be even worse 16 leb M be » power of the radix of the computer, since K mod M
would then be mmply the lesst significant digits of X (independent of the other
digits). Similarly we oan argos that M probably shouldn’ts be a multipie of 3
sither; for if the keys are siphabetio, two keys which differ from each other
ondy by permmtation of lstters wonld then differ in numeric value by a multiple
of 3. (This oceurs because 10" mod 8 == 4® mod 8 = 1.} In general, we want
Lo avoid values of M which divide v* o o, whaere k and 2 sre small pumbers znd
» i8 the radix of the slphabetic charatier set {Usually r == 64, 2856, or 100),

o
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6.4 HASHING 509

ginee & remaltder modulo such a valus of 37 tends to be largely a simple super-
position of the key digits. Such considerations suggest that wa choose M to be
a prime »umber such that »* = o (muodulo M) for small k and &, This choice
has heen found w0 be quite satisfactory in virtually all casss.

For example, on the MIX computer we could shovse M = 1009, computing
(K} by the sequence

LI K rX « K.
ENTA © rA - Q. (%)
DIV 21008 X e B omod 1008,

The multiplicative hashing scheme is sgually easy to do, but it is slightly
harder to deseribe because we must imagine curselves working with fractions
instead of with Integers. Lot w be the word sise of the computer, so that w 18
nsually 101% or 239 for MI¥; we can regard an integer 4 as the fraction A/uw
i we Imnagine the radix point fo be at the left of the word. The meihod is e
choose some integer constant 4 relatively prime fo w, and to lat

WK = lM ((—é K) mod z) J - ()

Tn this ease we usually let B be u power of 2 on » binary computer, so that
MK} vonsists of the laading bits of the least significant half of the produet AKX

in MIX code, if we lot M = 2" and assume a binary radix, the multiplicative
hash funetion 15

s ¥ rA e K,

WL A AY — AKX -
ENTA O rAX — 4K mod w

BB om Shift rAX m hite to the left.

Now MK} appears In register A, Singe ¥IX has rather slow multiplication amd
shift instructions, this sequence takes exactly as long to compute as {3); but
on many machines multiplication is significantly faster than division.

Tn a sense this method can be regavded as a genaralization of {3), since we
could for example take A to be an spproximation fo w/1008; muliiplying by
she reeiproesl of & constant iz often faster than dividing by that constant. Note
that (5) is almost s “middie square™ method, but there is one linportant differ-
anee: We shall see that multiplication by & suitable eonstant has demonstrably
gaod properiies,

Ome of the nice featnres of the multiplieative schome 15 that no information
was logt in {5} we sonld determine K again, given only the contents of raX
atber {B} hay finished. The r2asen is that A is relatively prime to 10, so Huelid's
algorithm can be used to find 2 constant 4’ with 44/ med w == 1, this implies
that K = [A7(AK wod w)) med w. In other words, if f{X) denvies the con-
ionts of register X just before the $LB instraction in (5}, then
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Of sourse f{K) tales on vahies in the range O to w — I, so it isn's any good ss a
hash function, bub it can be very uselul as a screambling funchion, namely &
fanetion satisfying (8} and tending fo randomize the keys. Such a function
can be Very useful in connection with the tree search algorithms of Section 8.2.2,
if the order of keys Iz unimportant, since it removes the danger of degensracy
when keys enter the tree In hereasing order. A serambling Funstion is alse
useful in connection with the digital tree search algorithin of Section 8.3, if the
hits of the actual keys are biased.

Annther feature of the multiplicstive hosh methoed is that 3t makes gond
use of the ponrandomness found in many files. Astnal sets of keys ofien have
% preponderancs of arithmetic progressions, where {K, K -+ 4, K 4 24,.. .,
K 4+ td} all appear in the file; for example, consider alphabetie names like
{PARY1, PARTE, PARTE) ov {7YPEA, TYFEB, TYPEC}. The multiphieative lLash
method converts an arithmetie progression into an approximate arithmetie
progresston ALK, A(K -+ d), ALK -+ 243, .. | of distinet hash values, reducing the
munber of collistans from what we would espeet in a random situation. The
division method has this same property.

Figure 37 illustrates this aspoct of multiplicative hashing in a particularly
interesting case. Buppose that A /w ix approximataly the golden ratic ¢! =
(V- 13/2 = D.G1B05308RY; then the behavior of successive values (K],
REK 13, ACK - 2), .. . ean be studied by eonsideving the behavior of the
snecessive values 405, A{L), 1{(2}, ... . This suggests the following experiment:
Starting with the Hoe segwent [0, 1], we suceessively muark off the points {61},
{2671, {8¢™'}, ..., where {3} denotes the fractionsl part of x (nawmely
# - Lal = x mod 1). Asshown in Fig. 37, thess voinis stay very well separated
from each other; in fact, ench newly added point falls into one of the larsest
remaining intervals, and divides i fn the golden ratio! [This phenomenon was

l -
PO
Wrrrrre————
a7}
—
[ME—
4
o

o2 o3 4 8 B 7T % 9% 1 11 o1z 13 0w

Fig, 87, Fibonasel hashing,
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first conjeetured by J. Oderfeld and proved by 8. Swisrcakowski, Pundameniy
Math, 46 (1958), 187-180. Fibonaeel numbers play an important réle in the
proof.]

This remarkable property of the golden ratio ig actually just a apecial case
of & very genaral result) orghally conjestured by Hugo Steinhans and frst
proved by Vera Turdn B6s [Adcte Math Aced Ser. Hung. 8 (1057), 461471,
Anw, Univ, Sci. Budapest. Eotvs Sect, Math. 1 {1958}, 127-134]:

Theorem 5. Laf 6 be any drrational number. When the points 18}, {28}, ...,
inf} are placed in the ling segmant [0, 1], the n -+ 1 line segments formed have at
mast three different lengths. Moreover, the next point {{n -+ 138} will foll tn one
af the largast existing sepments. |

‘Thums, the points {8}, {26;, ..., {n6} are spread ouf very evenly bebween {
and 1. If #is rational, the same theorem holds 1f we give a suitable inferpretation
to the segmentz of length 0 that appear when 7 is greater than or equal to the
denominator of 4. A proof of Theorem 8, together with a detailed analysis of
the underlving structure of the situstion, appears in exerelse &; it turns oud
that the segments of a given length are oreafed and destroyed in a frat-ln-first-
out manner. Gf course, some #'s are betier than others, sinee for example & valae
that is near 9 or 1 will stard out with many small segments snd one large seg-
ment, Bxercise 9 shows that the two numbers o7 and 6% == 1 — 67" lead to
the “most uniformly distributed” ssquences, among all numbers § between
0 and 1,

The above theory suggssts Fibanace! hashing, where we choose the constant
A to be the nearest integer fo 7w that is relatively prime to @, For example
if MI¥ were a decimal computer wa would take

Am{+|62l8€)[33198§87‘\ (¥

This mogdiplier will spread cul alphabetic keys like LIBTL, LISTR, LISTE very
aieely. Bui notice what happens when we have an arithmetic series in the
fourth charactar position, as in the keys SUMIL, S0M2l, sMath The effect is as
if Theorem B were being used with # == {1004 /w} — 80339387 instead of
§ == G180338887 = A w. The resnlting behavior i still all right, in spite of
the fact that this value of 8 18 not quite as good a8 ¢~1. On the other baad, if
the progression occurs in the second characier position, as in AMINS ARULEY
AZLLYL the effective ¢ is 9887, and this ts probably too elose to 1
Therefore we might do better with o multiphier like

A:l+]61161]81‘ﬁll81] )

in place of (73 such a multipler will separate out consecutive seguences of
keys differing in any character position. Unfortunately this cholee suffers from
another problem analogous to the diffieulty of dividing by r* < 1: Xeys such
a8 XY and ¥¥ will tend o hash o the same location! One way cul of this diffi-

e gy
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eulty is to look more closely at the structure underlying Theorem 8; for short
progressions of kays, caly the first few partial quotients of ihe sondioned frac-
tion representation of 9 are relevant, and small partial quotients correspond to
good distribution properties. Therefore wa find that tha best valuez of ¢ He in
the ranges

jrecdy, Fe<y o< E H<i<i

A wvalue of 4 can be found so that each of s bytes Hes in & good range and is
not too aloss to the valoes of the othor hytes or their complements, e.g.,

A=+ 61]25 42]33]71]. (@)

Buch a mulliplier can be recommended. (These ideas sbout multiplieative
hashing are due largely to B, W, Floyd.)

A good hash, funetion sheuld sstisly bwe requirements:

n} Tts eomputation should be very fass.
b} 1% should minimize oollisions,

Property {a) is sorewhat machine-dependent, snd property (b} g data-depen-
dent. If the keys were truly random, we eculd simply extract o few bits from
them and use these hits for the hash funetion; but in practies we nearly always
nestd to have o hash fanetion that depends on all bits of the key n arder fo
sntisfy {b)

"Bo far we have considered how to hash ope-word kays, Multiword er vari-
abls-length keys can be handled by maultiple-precision extensions of the above
methods, but it is generally adequaie to speed .Hdogs vp by combining the
individual words together into a single word, then doing a single multiplication
ar division as above. The combination can be done by addition med w, or by
“exclusive or” om a hinary computer; both of these aperations have the
advantage that they are invertible, i.e., that they depend on alf bits of hoth
arguments, and exelusive.or is sorelimes preferable because i avoids srith-
metie overflow, Note that both of these opersbions ars commutative, 8o that
{X, ¥y and (Y, X} will hash to the same address; G, 1. Knoit has suggested
avoiding this problem by dolng a eyelic shift just before adding or exclusive-
oring,

Many mere methoeds for hashing have been suggested, but none of these
has proved fo be superiov 1o the simple division and multiplication methods
deseribed above. For 2 survey of some other methods together with detailed
stabiztics on their performance with astual files, see the article by V. Y. Lum,
P8, T, Yuen, and M. Dodd, CACH 14 {1571), 228-234.

OF ail the cther hash methods that havs been izied, perhaps the most infer-
esting is » techoique based on algebrais coding theory; the idea is annlogous to
the division method above, but we divide by 2 polynomial modulo 2 instead of
dividing by an integer. {As observed mn Seetion 4.8, this oparation is analogous
o division, just as addition is analogous 4o exelusive-or) For this method, M
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should be a power of 2, say M = 27, and we make use of an mth degree poly-
nomial Pla) e 0™ 4 pao2®™ o 2 pe An nu-dight binary key K e
(knooy - - - Brko)s can be regarded as the polynomia] K{z) = buoyg™ 4 -
kx4 kg, and we compute she remainder

Kz mod P(z) = Rpuy@™ ™ b oo b By fig

uzing polynomis! arithmetio modulo 2; then AK) = (A5 . .. hihgly 1T Plx)
i chosen properly, this hash Funetion can be guaranteed o aveid collisions
between nearly-equal keys, For example i n = 15, w = 10, nod

Py =" b b2t s+ 1o}

it can be shown that A{(K,) will be unequal fo A{K;) whenever K; and K, aze
distinet kevs that differ in fewer than seven bit positions. {See exerdise 7 for
further information about this scheme; it is, of course, more suifable for
hardware or microprogramming implementation thao for software.)

It has been found eonvenient to use the constent hash funciion A(K) = 0
when debugging a program, sinee all keve will be stored together; an efficient
ACKY ean be substituted lader,

Collision resolution by *chaining.” We have observed that some hash addresses
will probably be burdened with more than their share of kays, Perhapa the
most obvicus way te solve this problem is to mainfsin & tinked lists, one for
ench possible hash code. A LINK field should be included in each record, and
there will alzo be M Hst heads, numbered say from 1 through M. After hashing
the key, we sitaply do a sequential search in list nomber A{K} + 1. {CL exer-
ciae £.1-2. The situstion iz very similar to multiple-list-inssrtion sorting,
Frogram 52.1M.)

Figure 38 illustrates this simple chaining scheme when M = 8, for the
gaquence of seven keys

K == gN, TD, TRE, FIRE, FEM, SEK3, 5YV (11)
{i.e., the numbers | through 7 in Norwegian), having the respective hash codes
BOEY 4+ 1= 3, 1, 4 1, 5 & 2 (1%

The firsi List has fwe elements, and three of the lists are emply.

Chaining I8 quite fast, becanse the lists are shord. 17 365 people are gathered
together in ene room, there will probably be many pairs having the same birth-
day, but the sverage number of people with any given birthdsy will be only 1!
1n general if there are ¥ keys and M Hsts, the average Hst sige s N/M; thus
hashing desreases the amount of work nseded for sequential searching by
roughly 2 {aetor of M.

This method is a stiaightforward combination of techniques we have
diseussed befors, 5o we do not need to formulate a detailed algorithin for chained
seatter tables. 1t is often s good {des to keep the individual Hsts in order by
key, so that msertions and unsueceessfal searches go faster, Thus if we choose
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nEA{E ——{1g [ s [ & |
manie) el [ 4]

HEAD{3}: — R A

saofe: | s~——>{me__ | 4 |

HEAD (33 | e wER | A

e Y

HEaniTl . A

HEAIEE 4

HEADIOE | ] SEKS A

Fig. 38. Beparate chaining.

to malce the lists ascending, the T0 nnd FIRE nodes of Fig. 38 would be inter-
changed, aod all the A links would be replaced by pointers to & dummy record
whose key 18 e, (Of Algoritha 8.1T.) Alternatively we cen make use of the
“self-organizing fie” concept digseussed In Seetion 6.1; instead of keeping the
lists in order by key, they mey be kept in order acgording to the time of most
regent ceculrence,

For the sake of spead we wonld ke to make 5 rather large. But when 3
is large, many of the lsts will be empiy and mmach of the spaee for the 3 list
heads will be wasted.  This suggesis another approach, when the records are
small:s We can overlap the record storage with the Hst heads, making room for
& total of M records and B links ingtond of for ¥ recerds and M -+ N links.
Bometimes it is possible 16 make one pass over all the data to find ouf which
tist heads will be used, then to make another pass inserting all the “overflow™
records into the empty slots. But this ig often Impractieal or impossible, and
we would rather have a technique that processes essh record ondy ance when it
first entors the system. The following algorithm, due to F. A, Williams [CACH
%, 6 (June 1958}, 21-24], i a convenient way to solve the problem.

Mgorithm C (Chatned scaller table soareh and insartivn). This algorithm searches
an M-node table, looking for a given key K. If X i5 not in the iable and the
table is not full, X is inserted.

The nodes of the table are denoted by TABLEE], for 0 < ¢ < 3, and they
are of two distinguishable {ypes, emply and scoupted. An vooupied node contains
a key field kEY]], o link field LINR[EL and possibly other felds,

The algorithm makes use of 4 hash function 2K} An auxiliary varizble
B iy also used, fo help fnd empty spaces; when the tabls iz empty, we have
Re== A 4 1, and 88 insertions sre made it will always be true that TABLE[j] is -
acoupied for all 7 in the range R £ 7 £ M. By convention, TARLEN] will always
be ampty.
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c[Hash ] Setd e A(E) 41, (Now i <4 < M)
. {Is there a list?} If TABLE[E] iz capty, go to C6. {Otherwise TABLE[] is

cecupied; we will look at the Hst of oooupled nodes which starts hers))

< Compare ] 1§ K == REY[Z], the algorithim ferminates successfully.
. [Advanee to nexd.] T LI} = G, st 4 o LINKQR] and go back to stap €3,

C2 s thers & list? Bo

o C4. Advanse 5. Find 6, Insert
3. Campare 10 nevh Ead ermpty node ? new key
E = pEyi af list R=0 i
BUUCESE OVERFLIW

¥ig. 38. Chained seatter table search and inzertion.

. {Find empty node.] {The sesrch was unsuccessful, and we want to find an

smpty position 1n the teble.) Decresce R one or more times until fnding
8 value such that TABLER] is empty. I R == (), the algorithm terminsates
with overffow {there are no empty nodes left}; otherwise set LINR[] «— R,
74— R,

{Insert now key,] Mark TABLEH] a3 av occupied node, with KEYE] ¢ K and
LINK{] < 0. 1

This algorithm allows several Huts to coaleses, 50 that records need not be

moved after they have been insorted into the fable. For srxample, zes Fig. 40,
whers SEKS appears in the Hst contsining To and FIRE sinoe the laifer had
already been inkeried into position 9.

TABLE (1] ki —
TARLE [2] YV A
TABLE [3L; e} A
TABLE |4 TRE &
*ABLE 5] FEM A
#4515 (0]

samE (7]

CASLE[SL | SEHE A j
TapLg 9l | FIRE —

Fiz. 40, Coalesead chainming.

A
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In order $o sea how this algovithm compares with others in this chapter,
we ean writis the following MI¥ program. The analysis worked oub below indi-
cates that the lists of oeoupied cells tand to be short, and the program has been
designed with this fact in mind,

Program C (Choined scatter table search and insertion). For convenience, the
keys are assumed to be only throe hytes long, and noedes ave represented ag
follows: '

emply |- |16 0:0G |0

(13}

oeaupied -+ | LINK KEY
t 1 L

The tablz size M is asaumed ¢ be prime; TABLE[E] is stored in location TABLE + 7.
il =0 rA s K.

1  KEY EQE 35

o LINKE BEQU  0:2

0% START LDX K 1 ¢t Hosh.

24 ENTA @ 1

i3 DIV bl i

a6 STX e+1{0:2) 1

av ENTL « 1 £ e WK

ok INCL i I I

fig LhA K 1

ig LDz TABLE, L{LINH} 1 (g fsdhers @ lst?

it Jan  &F 1 To 6 i TARLE]] empty.
12 CNPA  TABLE, L{EEY) A 3. Compare,

13 JB BUCOESS A Txit if & = REYL)

Is JEZ 5F A 81 To Chif LINER) = 0,

10 44 ENTY ¢,2 e 1 Z4. Advance o next,

18 CMFA  TABLE, ) {HEY: a—1 s, Camgwe.

i JH SULOESS -1 s if K = HEY:]

15 Loz TABLE.LILINK) O — 1 — 52

18 JENZ 4B ¢ — 1 — 82 Advance ¥ LINE[] # 0.
20 8H g R’ A—H 05, Find empty node.

21 ez 1 T R o B oo I

23 L% TARLE.Z T

23 JENN %2 T Repoat unedl TABLEIR] smipty.
24 J27 OVERFLOW A — 8 Exit if no emnty nodes left,
25 512 THELE, LILINE) A — 58 LINE[:} « K.

26 ENT). 4,2 ’ A—38 T e B

&y STE R 4 — 8 Update R in memory.

25 64 ST TABLE, L INK) 1 -8 08, Insert new Ley.

29 T4 CMABLE, L{KEY) 1—8 HEVE] « B §

The running time of this program depends on

€ == number of table entries probed while searching;
A = 1if the initial probe {pund an oscupied node;
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& = 1 if sucgessful, 0 i unsuccessiul;
T == number of iable sntries probed while looking for an empty space.

Here 8 = SI+ 82, where 81 == 1if suceessful on the first try. The total ranning
time for the searching phase of Program C s {70 -+ 44 + 17 — 38 -+ 281w,
and the msertion of a new key when 8 = 0 takes an additional (8.4 - 41 4 4}

Buppose there are N keys in the sable at the start of this program, and leg

a = N/M = losd factor of the teble. {14}

Then the average value of 4 in an unsuceessful search is obvicusly «, i the
hash function is random; and exercise 39 proves that the avernge valus of ¢/
in an unzuecessiul seareh s

N
‘a,»:wi((w-gﬁ) mzm%g) o1 - 2 (15)

Thus when the table is balf Tl the average number of probes made in an vn-
siecessful sesrch is about (e 2) = 1.18; and even when the fable gets
completely full, the avernge number of probes made just before inserting the
final iters will be only about 3fe® -+ 1} ~ 2.10. The standsrd deviation is also
small, as shown in evercise 40. These statistics prove that the lisfs slay short
even though the algerithm occesionally allows them fo coalesce, when the hash
fnpetion is random, Of eourse ¢ can be as high as N, if the hash function is
had or i we are exbremely unloeky,

In & suceessful senrch, we always have 4 = 31, The average number of
probes during a successful search may be computed by summing the quantity
¢ + A over the first N unsuocessiul searches and dividing by N, i we assume
that each key is equally Hkaly, Thus we obtain .

7 o 2 N
=i ¥ ({;M;,,;m,)zi%g((w%) W)

DEECN

-1 "f“sia{gh 1 26 A+ da (18)

89 the aversge number of probes in a random succesaful search. Even a full
table will require only about 130 probes, on the average, fo fnd an iteml
Bimilarly (see evercige 42, the average value of 81 turns out to be

Sly = 1 N — D/M) = 1 — ko ' 7

At firet glance it may appear that step C5 is inefeient, sinee it has to search
sequentially for an empty position. But aetually the total number of table
probes made in step 05 as a table is being builé will never exceed the number
of items in the table; so we make sn average of at most one of thece probes per
ingertion! Txereise 41 proves that T is approximately e” in 8 random ynsue-
cessful gearch.

1t would be possibie 10 modify Algorithm C so that ne bws lists coaleses,
but then i would become necessary o move remids around. For example,
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consider the sifuation in Fig. 40 just before we wanted to insert SEXS into
position 9; tn ordar to keep the lisis separnte, it would be necessary to move
FIRE, and for thiz purposs it would be necessary to discover which neds poins
o FIEE. We could solve this problem without providing iwewway linksge by
using cireular lists, as suggested by Allen Newsll in 1982, since the lists are
shork; byt that would probably slow down the main search loop becanse step €4
would be more complicated. Exercise 34 shows that the average number of
probes, when lists aren’t eoaleseed, in reduced to

INY LN,
Oy (1 e ﬁ) "%”j} =g o {unsuceessful search); (18

Cy = 1 %E wl+da {(snecessfid seaveh). {19)

This is not enough of an improvement over (15) ard (18) to wurrant chengig
the algorithm,

On the other hand, Butier Lampson has observed that most of the space
aotually needed for links enn sotuslly be saved in the chalning method, if we
avoid coalepging the lists,  This leads 4o an interssting algorithm which is
disenssed in exerelse 13.

Nate that chaining can be used wher N > 3, so overflow is not a serious
problem. If separate Lists are used, formulas (18) and {18) arve valid for o > 1,
When the lists conleste as in Algorithm €, we cun link extrs jteras into an aux-
iliary storage pool; L. Guibas has proved that the sverage number of probes to
insert the (M - L + 1)st item is then (L/2M + £3({1 - 2/30% 1) 4 &

Collision resolution by “open addressing.” Another way o resclve the problem
of sollisions s o de away with the links entirely, simply looking at various
entrias of the table one by one unti either finding the key K or finding an emnpty
position. The idea is to formulate some rule by which every kev K determines
a4 “probe sequence,” nareely a gequenee of fable poxitions which are to be in-
spected whenever K ix inssrbed or loocked up. I we encounter an open position
while searching for K, using the probe ssquence determined by X, we ocan
conclade that K is not in the table, since the same sequence of probes will be
made every time K iz processed. This general clsss of methods was named
open addressing by W. W. Peterson [I8M J. Research & Devalopment 1 (1957,
130-1486].

The simplest open addressing scheme, known as linear probing, uses the
evolic probe sequence

RUES WKy — 1, o 00—, M 3, ME 41 (20}
as in the following algorithm.

Algorithee E {Open scalter lable search and dnseriion). This slgorithin searches
an Menode table, Iooking for a given key K. If K 8 not in the table and the
table is not full, X iz mserted.
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The nodes of the table are denoted by TABLER], for 0 < { < M, and they
" are of two distinguishable types, empty and sccupied.  An cocupied node eon-
fains & ke, called XBY[{], and possibly other felds. An suxiliary varisbls ¥ s
used to keep track of how many nodes are cecupied; this variable is considersd
o be part of the table, and it 18 increased by 1 whenever a new key is inverted.
This algorithm makes use of & hash function MK}, and it uses the linear
probing sequence (20} te address the table. Modifieations of that sequence
are disonssed bhelow, .

11, [Hash] Set ¢ e~ B{E). (Now (0 £ ¢ < M)

1.2. [Compare.] I ¥EY}] == K, the algorithm terminstes suecessfully. Otherwise
if TABLE[Y] 1 emnpty, go to L4

L3. [Advance to next) Sebie— i — 1;if pow i < O, vet { — £ + M. Go back
to sbep L2,

14. {Insert.] (The search was nnsuccessful} If Ne= M — 1, the algorithm
terminates with overflow. (This algerithm conaiders the table to be full
when N = M - 1 not when N = 3; ses exgrcise 15.) Otherwise set
¥ e § -+ 1, miark TABLE[F] cocupled, and set KEYY] +— K. |

Figure 41 shows what happens when the seven example keys (11} are
jnserted by Algorithm I, using the respective hash codes 2,7, 1, 8, 2, § 1: The
iash three keys, FEM, SEKS, and SYV, have been dispisced from their Iniial loca-
tioms R{K),

£ Fes
1| TRE
7 EM

ki3

4

5 avv
61 SEKS
T o

& PIED

Tig. 41. Ydsear open addressing,

Program L (Open scalier table search and insertion}. This program deals with
full-word keys; but a key of G is not allowed, since 0 is used o signal an emply
position in the table. (Altervafively, we could require the keys to be non-
negative, letting empty positions contain —1.} The table size M is sssumed
to be prime, snd TABLED] is stored in loeation TABLE < Z{or 0 £ 7 < M. DFox
speed in the inner loop, loontion TABLE — 1 is assumed to contain 0. Loeation
VACANCIES s ssauried to contain the value A — 1 — Ny andrd = K, rfl =4
In order o spesd up the inner loop of this pragram, the test “¢ < 0" has
been removed fram the loop so that enly the easemtial paste of steps L2 and I3
remain. The total running time for the searching phase comes to (7€' 4 88 -+
21 — 48}, and the insertion after an unsuccessiul search andds an exira 9u.
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04 START LpK K 1 51, Hash,

a8 ENTA O i

g3 LIV =M= H

Ly STX wali{f:2) 1

05 ENTL 1 i BED.

£ LA K 1

114 MR 2F 1

B8 8K INCYL M) E L3 Advance ip next.

g 3K DECY1 1 e o 1 {4 g L,

o 2H OMPA  TABLE, L o B L. Compare.

if JE SUCCESS C+ E Exit # K = REY[,

ig LOX  TABLE,L Od B~ 8

i3 JINZ 3B O E— 8 To L3 i TABLER] empty.

14 JIN 8B g l-8 Toldwithie Wii=—1
i85 4 LoX VACAMCIES 1w 8 L4, Ineerl,

A JEZ  OVERFLOW 18 Exit with overflow ¥ N = M — 1.
I PBECH 1 1— 8

ig STY  VACANCIES I8 Inerease ¥ by 1.

15 STA  TABLE,1 1— 8 TABLER) + K. §

As in Program C, the varisble € dengles the nuwmber of probes, and § fells
whether or not the search was successful. We may ignove the variable B, which
ig 1 cnly if a epurious probe of T4BLE[— 1] hag been made, sincs is average value
(0 — 1)/M.

Experienes with linesr probing shows that the algerithm works fine until
the fable begins to get full; but eventoally the process slows down, with long
drawn-out searches becoming inereasingly frequent. The resgon for thiz be-
havior can be understood by counsidering the following hypothetical seatter
table with M = 19, N =~ 8

012345678 9101112131415 16 17 18
sl 1] |

Bhaded squares represent oceupied positions. The next key K o be inserted
into the table will go into one of the ten stspiy spaces, bud thesa are not equally
lkely; in faet, K will be insarted into position 11 1F 11 < K} < 1B, while it
will fnll into position 8 caly if (K} = 8. Tharefore position 11 i five times as
likely aa position 8; long hists tend to grow even longer.

This phenomenon isn't enough by iteslf to aceount for the relatively poor
behavior of linear probing, since a similar thing oesurs in Algorithm C. (A lst
of length 4 i3 four times ag likely fo grow in Algorithm O a8 & Hst of length 1)
The real problem cocurs when a cell ke 4 or 16 is filled In (21); then two separate
lists are sombined, while the lists in Algorithm C never grow by mare than one
step at & time, Consequently the performance of linear probing degrades
rapidly when N approsches 3.

We shall prove later in thiy section that the average number of probes
naeded by Algorithm L is spproximataly
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' 2
Ol % (1 e (Em}:m&) ) {unsuceessiud seargh); {23)

O = %(I - 5 f_ a) {suceessiul search), {293}
where a = N/M is the load factor of the table. So Program L iz almost as
fast e Pregram C, when the table ig less than 75 percent full, in spite of the
fact that Program C deals with unreslistically short kevs. On the other hand,
when « approaches 1 the bast thing we can say sbout Program L is that it
works, slowly but surely. In fact, when N = 8 — 1, shere is only one vacant
space in the table, so she average number of probes in an unsuccessfyl search
i (A + 13/2; we shall also prove that the average number of probes in a sue-
cesaful search is approximately /TH /8 when the table is full,

"The pileup phenomenon whick makes linear probing costly on a nearly full
table s aggravated by the use of division hashing, if eonsecubive key values
K, K+ 1, K -+2,...} are likely to occur, sinee these keys will have eonssou-
tive hash codes. MuitipHeative hashing will break up these dlusters sabisfaetorily.
Note that muoltiplicative hashing is dightly awkward for the chained method,
sines wo generally would wand to use at least {m < 1)-bit link felds when
M = 2" in order %o distingnish rapidly belween A and & valid link. This wasted
hit position is no problem with open addressing since there are no links.

Another way to protect against the eonsecutive hash sude problem is fo set
7 6= 7 - ¢ in step L3, instead of £ e ¢ — 1. Any positive value of ¢ will do, s0
long as i is relatively prime to M, since the probe sequence will still examine
every position of the table in this case. Such a change will make Program L
semewhat slower. It doesa’t alier the pileup phenomenon, since groups of e-apart
regords will still be fermed; equations (22) and (23) will still apply, but the
appearance of eonssoutive keys (K, K-+ 1, K + 2, .. .} will now actuaily be a
hrelp instead of & hindrance,

Although a fixed vaine of ¢ does not reduce the pileup phenomenon, we can
improve the situation nicely by letting ¢ depend on X! This ides Jeads to an
important modification of Algerithm T, first discovered by Guy de Balbine
[Ph.D. thesis, Calif. Inst. of Fechnology (1968}, 146-150]:

Algorithm B {Open addressing with double hashing). Thiy algorithm is simost
identical to Algorithm L, but it probes the table in a slightly different fashion
by making use of two hash funetions (K) and A»(J0). As usnal iy (K) pro-
dunes a value between 0 and M — 1, inclusive; bat ky(K) must produes a value
between 1 and M — 1 that is relatively prime to &, {(For example, if M &
prime, ko {K) nan be any value between 1 and 3 — 1 inclusive; or if M = 2%,
Ra(EY ean be suy odd value between 1 and 27— 1.3

FH. [First hash.] Set i e hy{K),
D2. [First probe.] If TABLER] is empty, go to D6, Otherwise if ¥EY[] — K, the
algorithm terminates successfully.
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P, [Becond hash.] Set ¢ e hy{K).
D4 [Advanes o next] Set 1 e 1 —o;if now 7 < O, seb & — 44+ M.

Ds. {Compare.] If TABLER] is empiy, go to D6, Otherwise if ¥EV] = K| the
algorithm terminates sueeesefully. Otherwise go back te 14,

D6, (ingert.] If W= M — i, the algorithm terminates with overfiow. (Qfher-
wige set N+ N -+ 1, mark TABLE[] oveupted, and set kEYfi] +~ K. §

Several possihilities have been suggested for eomputing h(R), H M is
prime and A, (K} = K mod M, we might let he{K) = 1 -+ (K mod {3 — 1));
but sinee M~ 113 evers, it would be better to lat £2{R) = 1+ (K mod (M — 23},
This suggests shooging 3 8o that M and 3 — 2 are “twin primes” Hke 1021
and 1019, Alternatively, we could set A(K) = 1+ (LK/3 Jmod (M — 20},
since the guotient LE/M ) mighti be available in a register as s by-produst of
the compatation of A(K).

If if = 2™ and we are using multiplicative hashing, 2:(K) can be com-
puted simply by shifting left » more bits and “oring in” a 1, 50 that the coding
sequence () would be followed by

ENTA O {Clear rA.
stB m Shift rAX m bits loft. (24)
ORR  alw A e AW 1.

This is faster than the division inethod.

In ench of the teshniques suggested above, A (K} and he{(K) are *inde-
pendent,” i the sense that differsnt keys will have the same value for both
By snd ka with probability O(1/M®) instead of O{1/4). Empirical tests show
that the behavior of Algorithm D with independent hash funetions is eesentially
indistinguishable from the namber of probes which would be required if the
keys wore inserted at random into she fable; there is practically ne “piling up®
or “clustering” as in Algarithm .

Ttis also possible to 1ot Ag{K) depend on by (K), as suggested by Gary Knot
in 1968, for example, if M is prime we could let

. 1, #Ho Ky e 0 «
hyK) = {M (B, K >0 (25)
This wonld be faster than doing another division, but we shall see that 1t doss
eause 2 certain amount of secondary chusiering, requiring slightly more probes
bacauss of the increased chanee that &wo or more keys will follow the same path,
The formulas derived below can be used to determine whether the gain in
hashing time cutweighs the loss of probing time.

Algorithms L and I are very similar, vet there are anough differenses that
it is instruetive o compare the running e of the corresponding MIX programs.

Program D (Open eddressing with double hoshing). Singe this program is sub-
antially like Program I, it is presented without comments. rl2 =0 — 1.

3
-
3
i
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&1 START LDX E 1 08 JE SUCCESS 1
[ ENTA O i [7:7] JXZ  4F b 81
03 DIV wife i F{1] SRAX B A — 81
224 BTE *+1{0:2} 1 i DIV =M= A - 81
£ ENTI = 1 ig Br& #3pl{02} 4 — 81
o8 DY TABLE, L 1 i8 ENTZ » A - 81
67 oMex ¥ i 14 Lba R A — 31

A DESL 1.2 ¢t

16 I R ¢ -1

i d INCl M B

18 CMFA  TABLE, 1 e 1

18 JE SUCCESS {7 e 1

2o LBY  TABLE.1 ¢—1—82

21 JENZ 3B £ L e 82

24 44 LDX  VACANCIES 1w §

25 JRZ  GVERFLOW P §

24 oEey 1 1w 8

bit:) STX  VACANCIES 1 8

& Lba K 1—38

27 STA TABLE, 1 18 §

The frequency eounts 4, C, 81, 82 in this program have & similar interpretation
to those in Program C above. The other variable B will be about 4(C — 1) on
the average. (If we restriefed the range of hy(K) to, say, 1 £ Ap(K} £ 48,
B wouid be only about (¢ ~ 1); this inoresse of spsed will probably net be
offset by a noticeable increase in the number of probes.) When there are N = odf
keys It the table, the average value of A 5, of course, & in an uvsuscessful
search, snd 4 = 1 in o snceessful seareh. As in Algorithm O, the average value
of St in & suscassful search jg 1 — (N — L3/M) =~ 1| — %a. The average
number of probes is diffiendt fo determine exactly, but empirical tests ghow
good agreement with formulas derived below for “uniform probing,” namely

M1

O = 7y ey = {1 — 3™} {unsuccessful search),
(28)

Clar MTM— (Hups — Huprw) = —o "In{l — @) (susesssful search),
(27)

when £(K) and he(K) are independent. When A(K) depends on A,(K) as in
£23), the secondary elustering causes these formulas 10 be increasad to
0 M1 N
FUEHTITIR THE

i b Hag gy Hargr1.x -+ 0(3{“1}

me (1 o) et (L ) (283
Ow =1+ Hargy — Harprow — ﬁ = (Htgr ~ Hagar n)/H +OWN Y

o b dn (L~ a) ~ 3. (29)

i
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524 SEARCHING 6.4

{Sea sxeraise 44.) Note that as the tabls gets full, these values of Oy approach
Hprey — 1 and Hprpy — %, respectively, when N == 3; this is much better
than we observed in Algerithm I, but not as good gs in the chaining methods,

Singe ench probe takes alightly less time in Algorithm L, double hashing is
advaniagesus only when the table gets full. Figure 42 compares the average
running time of Program L, Frogram 1), and s modibed Program I3 which
involves sscondary clustering, replaciog the rather slow caleulation of A.(K)
in linez 10-13 by the three instructions

B -H-1.3 & o B .
JIRZ w4 am
ENTZ O Hi=0 e L

In this case, sccondary clustering is preferable to independent double hashing,

B0 y

fitne

0
2 T ”7’//
£ a0 ;ﬂwﬂbﬂﬁy
i u
= Program D {modified as In {30)}
i
10u
{m

¢ 1 2 B3 A K3 6 7 B 9 iqg
Lond factor, a=N/M

Fig. 42. The running time for successful searching by thres open addressing schemes.

On g bisary compuier, we counld speed up the computation of (A} in
anocther way, replacing lines 1013 by, say,

AND =Bile rA « rA mod 512,
STA  x+1{0:2) (31)
THTZ * [l 729 o i

if M is o prime greater than 512. This ides {suggested by Bell and Kaman,
CACH 13 (1870, 675-677, who dissovered Algerithm 1) independently) avoids
seeondary clustering without the expense of another division.

Muny obher probe sequences have besn proposed as improvements on
Algorithm 1, but none seem to be superior o Algorithm 13 except possibly the
method deseribed in exercise 20,
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6.4 HASKING 525

25—
B
15—
16—
o

¥ig, 43, The number of times o sompiier typleally senrohes for variable namee, The
names are Hated from leff to right in order of their first appearance.

Brent’s Variation. Richard P. Brent has discoversd & way to modify Algo-
rithm B so that the average sucesssful search time remains bounded as the
tabde gets full. His method is based on the fact that successful searches are
mgch more commen than insertiong, in many applications; therefore he proposes
dofng more work when logerbing an ltem, moving records in order io reduee
the expected refrieval time. A0 16 (1978), 105-106.]

For exsnple, Fig, 43 showe the number of times each identifier was aciu-
ally found o appsar, in a typical PL/I procedure. This date indicates that a
PL/1 comgpiler which uses a hash table to kaop track of variable namaes will be
looking up many of the names five or more times but Inverting then: only once.
Similarly, Bell and Kaman found that a COBOL compller used its symbol
table algorithm 10088 iimes while compiling a program, hui made only 735
insertions into the table; this is an average of about 14 suceessful searches per
unsuccessful search. Sometimes a table is actuslly created only onee {for
axnmple, & table of symbolis opeedss in an assembler), and It is used thersafter
purely for ratrieval.

Brent’s idea is to change the iosertion process in Algorithm D as follows.
Suppogs an unsuecessful search hag probed locations

Do, By oo o Beery Ty

where Py == (i (K) — jha(EKD) mod M and TABLE[p,] is empty. If $ £ 1, we
insert K in position pe as usual; bus if § = 2, we compute ¢ == he(Ky), where
Ky = ¥E¥[pe], and ses i TABLE[(D, — og) mod M} is emply. T itis, we set it o
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596 BEARCHING 64

TABLEfpg] and then mmsert K in pesition pp. This Incressss the retrigval time
for Ko by one siep, but it decreases the retrieval time for K by £ > 2 steps,
50 it rosults in a ned improvernent. Bimilarly, if TABLE{{py -~ ¢g) mod M) is
neeupied and { > 3, we try TARLE[(pg — Zep) mod M if that s full too, we
sompute ¢; = hy(XEYfp [ and frv TABLE{(p; — ¢;) med M]; ste. In general,
lat s == Ro(HEY]p,5 and v 5= (py — kez) mod M ;i we have found TABLE[p; &}
gecupied for all indices 7, ksuch that -+ k& < r, and i £ = r-+ 1, we look at
TABLELDg -], TABLE[py.r—i], - . ., TABLE{p. 1], If the first empty space oceurs
at position py . ; we set TABLElp; .. ;] +— TABLE[p,] and insert K in position p;.

Brent’s analysis indieates that the sverage number of probes per succesaful
search is reduced as shown in Fig. 44, on page 588, with 2 maximum value of
about 2.49,

The number £ -+ 1 of probes in an unsucesssful search 18 not reduced by
Brent's variation; it remaine at the leval indicated by Eq. (26), spproaching
L3 4 1Y as the sable gets full. The average number of times 2; needs to
be computed per inserticn is e + o® + 4o+ -+, sceording to Brent's
analysis, eventnally approaching the ordex of /B | snd the number of additional
takle positicns probed while deciding bow to make the inmsertion is about

ag%aéﬁw%as%waﬁ"{w“-

Dieletions. Mpny computor programmers have great faith in slgorithms, apd
they are surprised to find that the cluiows way fo delete records from a stuiler
fable docsn’t work. For example, if we try to delete the key BN from Fig. 41, we
can’t sitaply mark that table position empty, beeause snother key FEN would
suddenly be forgotten] (Recall that BN and FEM both hashed to the same loca-
tion. When looking up ¥EM, we would find an empty place, indicating an un-
sucoessful search.} A similar problem oceours with Algorithm €, due to the
soslescing of lists; imagine the deletion of hoth 70 and FIRE from Fig. 40

In general, we ean handle deletions by putiing a special code value in the
sorresponding eall, so that there are three kinds of table entvies: smpty, oceupied,
and deleted. When searehing for a key, we should skip over deleted cells, ss if
they were occupied. IF the search ks vnsuceessfui, the key can be mserted in
place of the first deleted or emply pusition thad was encountered,

But this ides s workable only when deletions sre very rare, beeause the
entries of the tabls never become empty again once they have been otoupied.
After a long ssguence of repeated insertions and deletions, all of the empty
spaces will eventually disnppsar, and every unsuccessful search will fake M
probes! Furthermors the tire per probe will be inerensed, sines we will have to
test whether 7 has returned do its starting value in step D4; and the number of
probes in & stecessful search will drift upward from Cx to C%.

When linear probing is being used (i.e., Algorithm 1), it is possible o do
deletions in & way that aveids such & 50Ty state of affairs, if we are willing to
do some extra wark for the deletion.
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Algorithm B (Deletion with linear probing), Assuming that an open scatier

table has been constructed by Algorithm I, $his algerithm deletes the reeord

from o given position TABLEf].

Ri. [Bmpty s eell} Mark TASLER] empty, and set 7« 4.

R2. [Deerease 2. Bet £+ ¢ — 1, and if this makes 7 negative set 4« ¢ Y,

R3. [Inspect TABLE[]L] If TASLEL] is empty, the algorithm terminates. Other-
wise set r o A(KEYID, the original hash address of the key now stored at
position £. Hi<r < jorifr <j<dorj <17 {inother words, if »
lies cyclicaily between ¢ and 7}, go hack to R2,

R, [Move a record.] Set TABLE[f] +— TABLE[], and return te step RL. 1

Exercise 22 shows that this algorithm oauses no degradation in performance,
i.e., the average number of probes predicted in Hgs. (22) and (23) remains the
same. (A similar result for tree insertion was proved in Theorem 6.2.2H.) But
the velidity of Algorithm B depends heavily on the fact that linear probing is
involved, and no analogous deletion procedure for use with Algorithm D is
possible.

(f eourse when chaining i3 used with separate lists for each possible hash
value, deletion causes po problems since it is simply » deletion from a linked
lingar Hst, Deletion with Algorithm C is diseussed in exercise 23,

*Analysis of the algerithme. It is especially impertant to krow the average
behavior of & hashing method, becsuse we are committed to trusting in the
laws of probability whenever we hash., The worst oase of these algorithms is
almost unthinkably bad, so we need o be reassured that the average bekavior
is very good.

Before we get into the analysis of linear probing, ete., let us consider s
very upproxilexte model of the situation, which may be ealled undform hashing
(cf. W. W. Poterson, IBM J. Resewrch & Development ¥ (1957}, 135-156). In
this model, we aseurae thet the keys go inte random locations of the table, a0
that each of the (3 possible configurations of N oceupied cells and M — N
empty cells s equally lHkely. This medel ignores any sfiect of primary or secon-
dary clustering; the oscupancy of each eell in $he table is essentinlly independent
of the others. For this model the probability that exastly » probes are needed
t0 insert the (W -} 1)st item is the number of configurations in which r — 1
given eells are ocveupisd and ancther is empty, divided by (%), namsly

P, (N‘F{ Ty ;>/ (ﬂi"f) :

theraiore the sverage nutaber of probes for uniform hashing is

Chwm 3 pPramM41l— 3 (M+1—nP

jectoct 15rEM

=M1 3 (MJrl“”(MEE;iz)/(ﬂ;)

PErEM
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mm+h~2(y—meﬁf§?/€g (a2)

15rSH
, M
*M*”I“W*M(MRE}}H)/(N)
_ o an M1 A4 '
= M+ 1 — (Y R}M—N—%m;_MMN%l’ for 15 N< M,

{We have already solved essentislly the same problem in connection with
random sampling, in exercise 3.4.2-5.) Betling & = N/M, {his exact formula
for (" is approximately squal o

1

R 3

=1l4ata +o 4, (83)

& series which has a rough intuibive interpratation: With probability a we need
more than one probe, with probability o we need mare than two, ete. The
sorresponding aversge number of probes for a successiul search ig

3 A o ¥ S TR ST IS S
Or=g 2, Ch="% (MJr}. 7 %“MﬁN+2)

05kt
M+1 - 1 H
- Uiarpn = Hywar)= = Iy

N ot

As remarked above, extonsive tests show that Algorithm D with two inde-
pendent hash functions behaves essentially ke uniform hashing, for all praciical
pUrposes.

This completes the analysis of uniform hashing. In erder to study lnear |
probing and other fypes of collision resolution, we nesd fo seb up the theory in

(34)

[

a different, more realistic way. Ths probabilistic mode! we shail use for this
purpose assumes that each of the MY possible “hash sequences” 3
i

@y Gg .. Ony OSS}-(:M, (35} 4

is agually likely, where g; denotes the inftial hash address of the jth key inserted
into the table. The average number of probes in a successful search, given any
partieular searching aigovithm, will be densted by Oy as above; this is assumed &
to be the average number of probes needed to find the kih key, averaged over
1<k £ N with each key equally likely, and averaged over all hash sequoness
(35} with each sequence squally likely. Similarly, the average number of probes
needed when the Nth key is inserted, considering pll sequences {35) o be equally
likely, will be denoted by Ck..,; thiz ia the average number of probes in an
unsuceessful senrch starting with & - 1 elements in the fable. When open
addressing is used,

i . .
O = 5 E ey {38)

DEREIN

so that we ean dedues one guentity from the other as we have done in (34).
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Strigtly speaking, there are two defeets even in this more ascurate model
In the fist place, the different hash sequences aren'd all equally probable,
beoause the keys themselves ars distinet.  This mukes the probability that
a4y == U slightly less than 1/0¢; but the difference is usually negligible since the
set of all possible keys is typieally very large ecmpared to 3. (Bee exercise 24.)
Furthermore 2 good hash funetion will exploit the nonrandomness of typieal
data, making it even less likaly that a; = ay; 68 & result, sur sstimates for the
number of probes will be pessimistie. Another ipacouracy in the model is
indicated in Fig. 43: Koys that oconr sarlier are (with some exceptions) more
likely to be locked up than keys that ocour Jater. Thersfore our sstimate of
&y tends to be doubly pessimistic, and the sigorithms should perform slightly
betfer in practice than our snalysis prediste.

With these precuutions, we are resdy to make an “exact” analvsis of linear
proving.® Let 7{M, N} be the mumber of hash sequences (33) such that position
& of the table will be empty after the keys have been nserted by Algorithm L.
The cireulsr symmelry of linear probing implies that position 0 is empiy just
a8 often as any other pesition, so it is emply with probability 1 — & JM i
other words

M, N) = (z ~ g) M. @7
Now let ¢(8, N, k) be the number of hash sequences (353} such that the algo-
rithm Jeaves position 0 empty, positions 1 through % oeoupied, and position
k- 1 empty. We have

ot ¥op = (V) ot m j0r k-8, @)

heosuse all sueh hash sequences are composed of two subsequentes, one (con-
taining & clements ¢; < k) thas leaves position 0 empty and positions 1 through
koceupied and one {eontaining ¥V — kelements 0y > & + 1) that leaves position
E-+ 1 emply; there sre f(k+ 1,%) subseguences of the former type and
JOM — & — 1, N — k) of the latter, and thers are ) ways to intersperse twe
such subsequences. Finally lot Py be the probability that exsotly & -+ I probes
will be noeded when the (N -+ 1)st key is inserted; it follows (see exercise 25)
that

P M g(M N k) 4 g8, N, b+ 1) b0+ {3, N, M), (880)

Now O == Foqeaw (B -+ 1) pubting this equabion topether with (38)-(38)
and simplifying yields the following result.

* The suthor cannot resist inserting a blogrephical note at this point: I finst formudated
the followlng derivation in 1062, sharily wler beginning wovk on The Avt of Computer Pro-
Grazmning. Smee this wae the Breb nonteivial algorithm © had ever analyued satiafnctorily, it
has hud 4 strong influence on: the strusture of thess books. Idttle did { know that mere than
ten yeurs would go by before thiz devivation got into print!

| -
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Theorem K. The average number of probes needed by Algorithm L, asaummg that
all MY hash sequences (35) are eguolly bikely, 13

On == {1+ QolM, ¥ — 1)} (successful gearch}, (40)
Oty = 31 + 3,3, V) (unsucesssiul seareh), (41}
where

_ir -4 1Y N 2\ V(N — 1)
Q1{5-‘[1N‘Jm(c)“§“( 1 )}?“{“( 9 )WW

e frt RN N—1 N—k+1
gg( 3 )M i 73 “42)

Progf. Dlatails of the caleulation sre worked oul in exereise 27, §

The rather strange-looking funetion @04, N) which appears in this theoram
is really not hard to deal with. We have

N*m(g) Nl NV - D) (N — B+ 1) €N
hencs if N/Y = a,

2 (T % k)(ﬁf'“ (3) N"“ﬂ) / wzqum (T k) NEuE,

L2 f 4]
r+k k - k
S () -m ()0 seman =5 (1
Ea1] kza k0
18, '

1 L fr-+2 - 1 ;
W“E( 5 )({QW@x-g SQr(M,ﬂM)SW"g- (48)

Thig refation gives us a good estimate of G0, N) when 3 is large and « i3 not
too close to 1. (The lowsr bound i8 & better approgimation than the upper
beund.) When « approaches 1, these formulas become useless, but fortunately
GolM, M — 1) is the function () whose asymptotic behavior was studied
in great detail in Sectlon 1.2.11.3; and §1(B, M — 1) is simply etnal to M
{see exercize 500,

Anotler approsch to the analyss of linear probing hss been faken by
(3. Sehay, Jr. and W. Go Spruth [CACMH 5 (1962), 4538-462] Although their
method yields only an epproximasion to the exact fornvalas in Theorem X, it
sheds furiher light on the algorithm, so we shall sketeh it briefly here Firsi
et us consider a surprising property of linear probing which was first noticed
hy W, W. Peterson. in 1957

A A s T s

A it

Theorem P. The average number of probes tn o stecessful search by Algovithm L
15 tndependent of the order ©n which the keys weve inserted; ©4 depends only on fhe
aumber of beys which hinsh io ench address.
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6.4 HASRING 3

In other words, any rearrangement of s hash sequence a; as .. . gy yields
» hash sequenee with the same average displacement of keys from their hash
addresses. {We are assuming, ss stated earlier, that all keys in the table have
sgual importance. If some keys are more froquently accessed than others, the
proof ean be extended to show $hat an optimal ayrangement cceurs if we insert
them in decreasing order of frequency, by the method of Theorem 6.18.)

Proof, 1t suffices to show that the total number of prebas needad to nsert keys
for the hash sequence ¢, 4y .., oy is the same as the fotal number needed for
Gy . o By iligs . . ax, 1 £ 1 < N, There is clearly no difference unless
the {5 - 18t key in the second sequence falls into the position vceupled by the
¢th in the first sequence. Bat then the ith and & -+ 1)t merely exchange places,
go the number of prebes for the (- Bat s deeressed by the same amount that
the number for the 4th is increased. §

Theorem P tells us that the nverape search length for a hash sequence
@ ¥z . . . Gy can be determined from the numbers by by . .. by, where by Iy
the number of &'s that equal /. From this sequence we can determine the “earry
gequence” ¢q 03 . . . Earey, Where ¢; is the noumber of keys for which both loen-
tions j and 7 — 1 are probed as she key is inserted. This sequence is determined
by the rule
oy { G, o by primedsr = 05
? bi 4 eyprmeant — 1, atherwise. (44}

Por example, let M = 10, N =8, and by.. . be=03 201000 2; then

Gp.--23==2 310000123 sinee one key needs to be “carried over®

from position 2 to position 1, three from position 1 to position 0, two of these
from position 0 to position 8, ote. Webava by -+ by + ook by == ¥, and
the average number of probes needed for retrieval of the ¥V keys is

O S CPIE SR SR YRS I § {45]

Rule (44) seems to be a cireular definition of the s In terms of themselves, but
aetually there iz a unique solutien to the stated equations whenever N < M
{sae exercise 82).

Sohay and Spruth used this idea to determine the probability g that
c; == k, in terms of the probability py that b; = k. (These probabilities are
independent of 7.3 Thus

gp = Py -+ P1ge -+ Podys
¢y = page T+ Fifs T Pods, {48)
qu == pagp -+ paty -+ Pige + Pogs

eta, since, for example, the probability that ¢; == 2 is the probability that

Bi b tganmeddt = 3. Leb B(z) == $oppz® aud Dz} = 3gs2" be the generating
functions for these probability distribuiions; the equations (46} are equivalent to

B(#C(z) = poge -+ {go — Pogolz + q12° + = poge(l — 2) -+ 2C1z).
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Since B(1)} == 1, wa may write B{z} = 1 4 (& — DD(z}, and i follows that

b 31— DXL
CO = s = T bR

singe (1} = 1. Tha average number of probes needed for retrieval, ascording
$o (45}, will therefors be

e

z+%c‘(a)m1~g% ?@{E}%ﬁm1+§w§f§%‘ (48)
Bince we are assuming that each hash sequence a7 . . . ay 15 equally likely we,
have
ox = Pr(exactly b of the ¢; are equal to 7, for fixed 7}
6
hence

g1 ¢

i -
B(z)m(1+ o7 ) B(1) = o5 B"(i}mﬁﬁﬂrﬁ’ (50

end the average nursber of probes aceording to (48) will be

CN=é<1+§:;)- (51

Can the reader see why this answer is different from the result in Theorem K7
(C1. exereise 33.)

*Optimality considerations. Weo have soen peveral exampios of probe sequonces
for open addressing, and it is natoral fo ask for one that can be proved “beat
possible” in same meaninghsl sense. This problem has been set up in the fellow-
ing interesting way by J. D, Ullman [FACH 19 (1972), 560-575] Instead of
eompibing » “hash addrass” B{E), we map each key K Inéo an sotire permisia-
tion of {3 1,. .., M — 1}, which represeniz the probe sequencs to use for K.
Bach of the M! permutations is assigned a probability, snd the generslized
hash fupetion is supposed t0 aslect emch permutation with that probability,
The question is, “What sssignment of probabilities to permutations gives the
hest performance, in the sense thas the cortesponding average number of Probey
£y or C% is minimized?”

Far example, ¥ we assign the probabilily 1/37 to earh permudation, it is
sasy to 3ee that we have exactly the behavior of uniform hasheng which we have
analyzed above in (32), (84). However, Vliman has found an exsmpla with
M == 4 N == 2 for which C% is smaller than the value § obtained with uniform
hashing. His construction assigns zero prohability 4o all but the following six
permutations:
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.4 HASHING 533
Permuntation Probahility Permutation Frobability
0123 (1 - 2)/6 1032 {1+ 2¢}/8
20138 (1 - €/8 2103 (1~ €}/8 (B
3012 (1 — €3/6 102 {1 — &}/8

Roughly epasking, the first chotee favors 2 and 3, but the second choice iz §
or L. The average number of probes nseded to insert the third Hem durns out
15 be § — e O0e®), so we ean improve on uniform hashing by taking € to be
» srnall positive value.

However, the corresponding value of € for these probabilities is 2% -L (Ke),
whish is larger than § (the uniform hashing valug). Ullmen hus proved thas
any assiggment of probabilities such that Ch < (M -+ D)/AM + 1 — N} for
some N always lmphies that CF > (W 4+ 1/ -+ 1 — u) fof some n < N,
you can't win all the time over uniform hashing.

Actually the namber of probes Oy for a successful search is a better measure
than (% The permutations in {32} do not Iead o an improved value of O for
any N, and indeed 1t seems reasonable to eonjoeture that no sssignment of
probabilities will be able to make Oy less than the uniform value (M + 1/N} X
(Harsr — Harg1-n)

This eonjecture appears to be very difficult ¢o prove, especially because
there are many ways fo assign probabilities fo achieve the effect of wniform
hashing; we do not need to assige 1/MV {o each permutation. For example,
the following ussignmont for M = 4 is equivalent to uniform hashing:

Permstation Probability Permutation Probability
G123 1/8 6213 i/12
12340 1/8 1329 /12 {53}
2301 1/6 20631 1712
3012 i/6 31602 1/12

with sero probability -assigned to the other 18 permoytations,
The following thsorem charscterizes oll assignments that predues the
bebavior of uniform hashing,

Theorer U. An assignment of probubelibies te permudations will make each of the
(¥ comfigurations of emply end seenpded petls equally lkely afier N insertions, for
0 < N < M, df and only &f the sum of probabilitiss assigned io all vermivlations
whoae first N elements are the mombers of o given N-clement act 48 1200, for ci N
and ol N-dement sefs,

For example, the sum of probabilities asaigned to each of the 313 — 3t
permuisiions beginning with the numbers 3, 1, 2} in some order must be
1/ = 3UM — 3/ Observe that the eondition of this theorem holds n
(53).
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Proof, Tt A <401, ..., M — 1}, and let TI(A) be the set of all permuta-
tions whose first § 4] elements sre members of 4, and let 8(4) be the sum of
the probabilities assigned to these permutations. Leb Ppfd) be the probability
that the first § 4| insertions of the open addressing provedure cceupy the losa-
tions specified by 4, apd that the last sertion required exactly k probes; and
lot PUA) = Pifd) - PolA) 4----. The preof is by induction on N = 1,

assulning that
PA) = S(4) = z/(if)

for all sets 4 with |4} = » < N. Lei B be any N-slement sef. Thes
PBy = T % Pe(mPE\ (T,

A= aEdy
BA[l=k

whers Priz) is the probability amigned fo permutation w and my is s kth
element. By induction

H
PulB) = E WM E Pr{m,
ATH - well( 4}
]k (N - ;)

M/ GEIE) w0 kew
~ (V)
P{B}mi}T) S(B}@«%%N,(% )

N w1

and thiz can be equal to 1/(3) if and only if §{B) has the correcs vaius. |

which equals

henioe

Exterpal searching. Hashing technigues lend themselves well 1o external search-
ing on direet-access storage devices like disks or drums. For such applications,
as in Beetion 6.2.4, we want to minimize the number of accesses to the file, and
this has two major effeats on the choice of slgorithms:

1} It is resscnabie to spend mere time computing the hash funetion, since the
peaalty for bad hashing iz mueh greater than the cost of the extra time
needed to do a careful job.

2} The records are usnzlly grouped into buckets, so that several records sre
fetohod front the external memory each time,

The file ts neuslly divided into M buckets eontaining b records each, Colli
gions now eause no problem unless more than b keys have the same hash address.
The fellowing three approaches to collisten resolution seem to be best:
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6.4 HABRING 535

Ay Chovwing with separate Hsts. If more than b records fall into the same hucket,
a link to an “overflow” record can be inserted ai the end of the first hecket.
These overflow records are kepd in » special overfow area. Thore is usually no
advantage in having buckety in the overflow area, since comparstively few
averflows ooeur; thus, the exsrs reeords are nsunlly linked together so that the
{b + K)th record of a et requires 1 -+ & aceesses. It is usnally & good idea to
lanve Bome room for overflows on sach “ovlinder” of a disk file, so that most
ascesses are to the same aylinder,

Although this meshoed of handling overflaws seems ingficient, the rumber of
overflows is statistically small encugh that the average search #me is very
good. See Tables 2 and 8, which show the average number of accesses reqaired
a¢ a function of the isad factor

o = N/BB, (54)

for fived & na M, ¥ s oo, Curiously when o == 1 the asyiaptotie number of
accesess for an unsnecessful search incresses with increaging b.

Table 2
AVERAGE ACUESSES TN AN UNSUCCESSFIL SEARCH BY SEPARATE CHAINING

Bueket Load factor, o
sive, b 109, 209, 369, 409 S0%  60%  TO% RO% 90% 65

T 10048 1OIBY 10408 10703 10085 L0488 1197 1.249% 1307 13
210612 10088 30260 10581 LHISE LIBSS 1238 1330 1438 15
#1060 10088 L0162 10423 1.0E55 13588 1252 1560 1508 LB
4 10001 10018 10095 10314 LO7EI 11476 1353 1394 1571 17
& 10008 10607 10056 10225 10819 11346 1.249 1430 1600 17
10 L0000 106000 15004 10641 10822 10773 1201 1428 1773 B0
20 L0006 10000 10006 100061 L.0G28 10234 11 1867 18388 23
53 10000 1.0000 10600 0600 10000 16007 10IB 1L1BR 1929 aY

Table 3
AVERAGE ACORSRES IN A SUCCESSFUL SRARCH BY SBPARATE CHATNING

Bucket Foad factor, &
sise, & HOO, 209, 30% 40% 0% 609 TOY, 80% 909 959

I 100080 11008 11500 1.2000 12500 1.30060 1.330 1400 1430 L5
2 10063 1.0242 10520 10883 11321 11823 1238 L3299 1364 L4
310010 L007F 10218 10458 10808 11260 1181 1346 1516 14
4
5

1.06062 1.00623 1.0087 10857 1.0827 10022 L1145 L21F 1200 1.3
10600 10008 10046 LOIST L0358 10600 1110 1185 1286 1.3
16 10600 LOO0G L0002 LOGISE LOOP0 14226 1.0RG 1115 L2068 1.3
20 10060 10000 10000 LOODG o005 10038 LOIB LOSS LSO 12
63 106080 1.0600 106000 :0000 10000 10000 1001 1015 1083 1.2

GN C0E774



538 SEARCHEING 6.4

B) Chaingng weth coalescing Iists.  Tnstesd of providing s separate overflow
ares, we can adapt Algorithm C to external files. A doubly linked list of avail-
able space ean be used which links together oneh bucket tha$ 15 not yet fuil
Under thg scheme, every bucket containg a count of how many record posi.
tions are emply, and the bucket is removed from the doubly linked hish only
when this sount becomes zero. A ‘roving pointer’ can be used io distribute
overflows (cf, sxorcise 2.5-6}, so that different lists tend to use different over-
flow buekets. It may be a good ides te have separate available-space lists fop |
the bucksis on ench eylinder of a disk file. &

This method has not yet been analyvzed, but it should prove to be quits
azaful.

C) Open addressing. We can also do without IBnks, using an “open” method,
Linesr probing is probably beifer thun random probing when we considgr ¢
external searching, because the incroment c© can often be chosen so that it -
minimizes latency delays heiwsen consecutive gepssses. The approximate theo-
retical model of linear probing whish was worked out above ean be generalized
to account for the influence of buckets, and it ghows that Hnear probing iz
indeed sabisfactory unless the table has gotten very full. For example, see
Tabie 4; when the lond factor is 90 percent and the bucket size is 50, the averags

TR e T

Tatsle 4
AVERAGE ACCEBEES IN A BUCGCESSFUL HEARCEIH BY LINEAR PROBING

Bucket Louad factor, o
sise, b 109, 209  30% 409 50%  6€0% 70U, 869 905, 0%

1 10586 11230 1.2143 1.3833 15000 17500 21587 3000 5506 105
2 L0082 10242 1.0853% L1033 L1767 12930 1484 1603 3.147 56
3 L0007 10066 10201 1.0450 310872 11584 1288 1554 2378 40
4
]

LO00T 1.0027 1.066BS 1.0227 10497 106884 118G 1.386 2006 32
L0600 10607 10030 1.0124 10307 10861 138 1.288 1YW 2F
10 L0060 10000 1.000F L0011 10047 L0154 1.042 L1310 1348 18
S0 L00O0 1.0GOG 10000 10000 10003 10020 1010 1038 1144 14
30 1pod0 10000 106800 10000 10000 16000 100 LOO5 1.M& i3

number of accesses in a suecoessful search is only 104, This is actuslly better -:5'
than the 1.08 acoesses required by the chaining method (A} with the zame
bucket, size!

The analysis of methods (A} and () involves some very interesting mathe-
matics; we shall merely sumroarize the results here, sines the dotails are worked
out in exercises 49 and 55. The formulas invelve two funetions strongly related
to the -functions of Theorem K, namealy

7 2 nBa?

” oo [
E{a, n) LRI T AT T T NI L

(55)
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Cand
o onaf ey (e (e )
la) = o (cw1)3“(w.z;z“‘“3<w3>%"" "
— I - W) R W), (©6)

al

In terms of these funetions, the sverage number of accesses made by the chain.
ing method {4} in an unsuecessful search is

1
Ol == 1 + ably(a) + O (ﬁ) {57}

as M, N = w0, and the corresponding numbsr {0 a suctessial seareh is

ity BB .
Oy = 14+ (1 = 351 — liple) + Tt Bl ) -:~0(§) G

The Himiting values of these formulas are the quantities shown in Tables 2 and 3.

Since chaining method (A) requires a separate gverflow ares, we need to
sstimate how many overflows will sccur.  The average number of overflows
will be M(CY — 1) = N{a), sines C% - 1 is the average number of overfiows
in any given ligt. Therefore Table 2 can be used to deduce the amount of over
flow space required. For fixed «, the standard deviation of the total number of
overflows will be roughly proportional to /A€ as M —

Asymaptotio values for O% and Cy appesr in exercise 53, but the approxima-
glons aven't very good when b is small or « s Jarge; fortunately the sariey for
Ria, n) converges rather rapidly even when o Is large, so the formulas ean be
evaluated exactly without much diffienlty, The maxiteum values oeowr for
a = 1, when

0 A L 172

max Oy == 1+ —p —Jg;whéow 1, (59
14 byt 5 g P

rax Oy == 1 g'%ﬂiﬁ_(}g{b)"f“]} wz"%“-\/g}“;;g“f“ B, (80

as & - oo, by Stirling's approximstion and the analysis of the function A{n) =
B{l,n) — 1 in Beection 1.2.11.3,

The average number of aecess in o succsssful external seareh with Hneor
Probing has the remarkably simple expression

Cw = 1 4 fpla) -+ faaled + tapla) +- - -, 81

which ean be understood as follows: The averags total number of accesses to
ook gp all ¥ keve is NCy, and this 8 N 4 T -+ 05 -+ - - -, where Ty is the
averaga number of keys whieh require more than k scessses. Theorem P says
that we can enter the keys in any order without affsoting Ox, and it follows
that 7y is the average number of overflow resords that would ceeur in the
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538 SBARCURING G4

chalning method if we had 4 /% buckets of size kb, namely Ninla) by what we
sald above. Fuarther justifieation of Eq. (61} appears in exercise 55.

An excellent digeussion of praciical cousiderstions involved in the design
of sxternal seatber fables has been given by Charles A. Olson, Proe. ACH Nat'l
Conj. 24 (196D}, 539-549. He includes several worked examples and points out
that the number of overflow reeords will ineresse substantially i the file ks
subijest 10 frequent inserfion/deletion activity without relocsting records; and
he presents an analysis of this situation which was obtained jointly with
J. AL de Peysier.

Comparison of the methods. We have now studied 2 large number of tedh-
niques for searching; how can we seleet the right one for a given appliontion?
It is difficult to summarize in 2 few words afl the relevant details of the “trade-
offs” invelved in the cholee of 4 search method, but the following things seem
to be of primsry impordance with respect to the speed of searehing and the
requisite storage space,

PFigure 44 suramarizes the analyses of this section, showing that the varions
methods for eollision resolution lead to different numbers of probes. But this
does not tell the whole story, sinee the time per probe varies in different methods,
and the latter varistion has a nobiceabls sffect on the running Hime (48 we have
seen in Fig. 42). Linear probing actesses the table more frequently than the
other metheds shewn in Fig. 44, but it has the sdvantage of simplicity. Farther.
more, even linear probing isn’t terribly bad: when the table is 50 pergent full,
Algorithm L requives an average of less than 5.5 probes {0 loeste a random item
in the table. (Fowever, the sverage number of probes needed o insert 5 new
ttern with Algorithin L iz 30.5, with 8 90-pereent-fall tabla.)

Figure £4 shows that the chaining methods are guite econominal with
rezpect 10 the sumber of probes, bat the extrs memeory space needed for Hnk
fields sometimes makes open addressing more attractive for small resords. Fer
example, if we have to choose between a chained scatter table of capacity 500
and an open scatfer table of capaeity 1000, the Intier is eleariy prefersble, ginee
it allows efficiont searching when 308 records are present and it is capable of
absorbing fwice as mach dats. On the other hand, sometimes the record size
and format will sllow space for Hnk fields at virtually no extra cost. {Cf. exer
cise 63.)

How do hash methods compare with the other search strategies we have
studied in this chapter? From the standpoint of spesd we ean argue that they
are better, when the number of reeords is large, becauss the aversge search
time for a hash method stays bounded as ¥ — = if we stipulate that the table
never gets too full, For example, Program I, will take anly about 55 units of
time for a suceessful searck when the table ia 90 percent full; thie beats the
famtest MIX binary searel rogting we have scen (exervise §.2.1-24) when N is
Sreater than 600 or so, at the cost of only 11 percent in storage space. More-
over the binary search is suitable oniy for fized tables, while » scatter table
allows efficient insertions.
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Average vumber of peobes, OF
b
k

I\

% =i
Y T

- b [
M”"—”M
M ,.--—"'-»—‘
’/—_#ﬂ_:_: e MO

O a1 &2 0.3 (.4 3.5 08 0.7 35 fid 0
Tood factor, a=N/M
{a) Unsneesssful sogroh.

L= Linoac ﬁrobingt——jﬁgmfii:hm L ! | L Uraf [
{2 =TRandom probing with mecondary tostering
{Vw Uniform hashings Algorithm D

3~ BeBrent’s variation of Algerithm I3

=

L

ol Cuwlonlesced chalning = Algorithm €

b S Beparate chaining

g S0 = Reparsle chaining with ordered lists

5 / j
2

5 2 /] // 2
? *’,// ] 8
Z o st S ey

1
Q (hi 8.2 3 LiE:! [ L8 a7 08 64 14
Toud factor, =N/
{1 Buceessful seareh

Pig. 44, Companson of colilsion resolution methods: Limiting values of the average
nizmber of probes ag M — =,

We ean slso compare Program L to the tree-oriented search methods which
sllow dynarmic insertions. Program L with a 90-percent-full table is faster than
Program 6.2.2T when N i3 greater than about 50, and {aster than Program 8,30
{exercise 6.3-8) when N is grester than about 75,

Only one search mathod in this chapier is efficient for successful searehing
with virtually no storage overhead, namely Brent’s variastion of Algorithm D,
His method allows ug to put N records inte a table of size M = ¥ + 1, and to

e
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fingd any record in about 2% probes on the wverage. No extra space for link
flelds, ete., is neaded; howaver, an unsuscessful search will be very slow, requiring
about 28 probes.

Thue hashing has several advantages, Ou the other hand, there are three
important respects in which seatfer table searching is inferior to other methads
we have discussed:

#) After an unsuceessful search in & seabter table, we know only that the
desired key is not present. Search methods based on comparisons always vield
mere inforraation, making it possible to find the largest key <X and/or the
smallest key > K; this is important in many applications (e.g., for interpolation
of funotion values from a stored table). Ifis alse possble to use comperisen-
based sigorithms to loeate sll keys which lis befween two given valnes & and K,
Furthermeore the treo seareh nlgovithios of Seckion 6.2 make 1t casy to traverss
tha rontents of a table in ascending order, without sorting it separately, and
this s oceasionally destrable.

by The storage slloeation for seatter tables is often somewhat difficult; we
have to dedicate a certain area of the memory for use as the hash table, and it
may not be obvious how much space should be allotied. If we provide too
much memory, we may be wasting storage at the expense of other lists or other
somplter users; but if we den’s provide enough room, the table will overfiow.
When a seatter table overflows, it is probably best to “rehash” i, e, to allocats
a larger space and to change the hash function, reinserting every record into the
larger tsbie. ¥ R, A, Hopgood [Comp. Bullelin 11 (1968), 297-300] has sug-
gested rehashing the fable when it beeomes oy percent full) replacing M by
o8 ; sultable cholces of these parameters ey and g can be made by using the
analyses sbove and charseboristies of the data, so that the critical point st
which it becomes cheaper fo rehash ean be detarmined. {Note that the method
of chaining does not lead o any troublesome overfliows, 5o it requires ne rebash-
irsg; hart the seateh time is proportional to N when M is fixed and ¥ gefs large )
By contrast, the tres ssarch and Inserfion algorithms requive no such painful
rehashing; the trees grow no larger than necessary. In a virtual memory enviroi
ment we probably ought to uss tree ssarch or digital tree search, instead of
greating s large seatisr table that requires bringing in & new page nearly every
time we hash o key.

o) Finaily, we need a great desl of faith in probability theory when we use
hashing methods, since thay are effeient only on the average, while their worst
pase is terrible! As in the onse of random number generators, we are nover
completely sure that a hash function will perform properly when it is applied
t0 a new set of data. Therefors seatier starage would be inappropriats for
certabn real-time appleations such ag abe traffie sontrol, where people’s lives
are af stake; the bulanced tres algorithms of Bections 6.2.3 snd 6.2.4 are much
safer, sinoe they provide guaranteed upper bounds on the search time,

History. The idea of hashing appears fo have been originated by H. P. Luhn,
whe wrote an internal IBM memorandum suggesting the use of chaining, in
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Jomuary 19583; this was alse smoeng the frst applications of linked linsar lists,
He pointed out the desirability of wding buckeis eontaining more than one
element, for external searching. Shortly afterwards, A. D. Lin earried Luhn's
analyais o little Further, and suggested o technique for handling overfiows that
uged “degenerative addvesses”; e.g., the overflows from primary bucket 2748 are
put il secondary bucket 274; overflows from that hacked go to tertiary hucket
27, ete., assuming the presence of 1600 primary buckets, 1008 secondsry
buckets, 100 fertisry buckets, ete. The hash fanctions originally suggested by
Luhn were digital in charseter, c.z., adding adiacent Pairs of key digits mod 10,
30 that 51415926 would be compressed to 4548,

At ahout the same time the idea of hashing ecccurred independently o
snother group of TBMers: Gene M. Amdsahl, Elaine M. Boghme, N. Rochester,
and Arthur L. Sammvel, whe were building an sssembly pragram for the IBM
701, In order to handle the collision problem, Amdahl originated the ides of
open addresging with linear probing.

Hash eoding was first deseribed in the open [Herature by Arpold I Dumey,
Computers and Automaiion 3, 12 (December 1056), 6-9. He was the first fo
mention the idea of dividing by & prime number and nsing the remainder as
the hash address. Dumey's interesting article roentions chaining but not open
addressing. A, P. frshov of Russizs independently discoversd linear open
addressing i 1957 [Doklady Akad. Newk SSSE 118 (1938), 427-4301; he pub-
lished empirical results about the number of probes, conjecturing correctly that
the wverage number of probes per successful search 18 <8 when N/M < 2/3,

A elassle artiole by W. W. Poterson, TBY J. Resoarch & Development 1
(1937}, 130-148, was the first major paper dealing with the problem of searching
in large files Peterson defined open addrossing in genersl, analysed the per-
formance of untform hashing, and gave numerous empirioal statisties ahout the
hehavier of lnesr cpen addressing with various buckes sizes, noting the degra-
dation in performance that coeurred when items were deleted. Anoiher com-
prehengive survey of the subject was published six years later by Werner
Buehhols [IBM Systems J. 2 {1963), $6-111], who gave an especially good dis-
cussion of hash funciions.

1ip to this time lineay probing was the only type of open addressing scheme
that had appeared in the literature, but snother seheme hased on repeated
random probing by independent hash functions had independently been de-
veloped by several people {see exerclse 48). During the next few years hashing
beeame very widely used, but hardly anvthing rore was published about i,
Fhen Robert Morris wrote & very influential survey of the subjest [CACH 11
{1968}, 3844}, in which he introduced the ides of random probing (with secon-
dary clustering}. Morris’s paper touched off s farry of activity whieh culminated
in Algerithm I} and iis refinements.

T4 is interesting to note that the word “hashing” apparently never appearad
in prin, with its present meaning, until Morris's article was published in 1968,
althougl: i# had already becoms common jargon in several parts of the world

GN 005780



542 ABARCHING 6.4

by that $ime. The only previous ocewrrence of the word among spproximately
60 relevant documents stadied by the author as this seetion was belng written
was in an unpublished memerandum writteny by W. W. Peterson in 1981.
Somehow the verb “to hash”™ magieslly boeame stacdard terminology for key
transformabion during the mid-1960's, yat nobody was rash enough to use such
an undignified word publicly until 196%¢

EXERCISES

1. [20] When the insteuection §H in Table 1 iz reachad, how small and how lavgs
can the contents of ¥X1 possibly be, sssuming that bytes 1, 2, % of K contain niphabetic
character codes less than 307

2. [26] ¥Find a reasonably common English word not in Table 1 that could be added
to that table without changiog the program.

3. [28] Explain why no program beginning with the five instructions
EDT K{l:1) or LN Kii:l}
L2 Ri{z:2) ar LaeN K(2:2)

INCL @2
Log  K(%:3}
Jzz GF

could he used in place of the more complicated program in Table I, for any constant g,
sinee unigue addresses would not be produced for the given keys,

4. [M30] How many people should be invited o 2 perty in order fo make i hikely
that there ars three with the same bivthday?

8. (61 Me B, C. Dull way writing s FORTRAN compiler using a decirnal MIX
aomputsr, and he needad & symbol tabla o kesp track of the names of variables in
the PORTRAN prograsa being compiled. Thess names ware resirieted fo be ten or
Jess eharaeters in length, He decided $6 use s seatter table with A = 100, acd fo
use the fast hash fusnction ME) = laftinost byte of K. Was this a good idea?

6. {751 Would 3t be wise to change the first two instrociions of {3) o LDA K
ENTY 0%

T [HMS (Polynominl hashing) The purpess of this exereise Is o consider the
congtruetion of polvnomials Px) such zs {10}, whieh convert n-bit keys inte m.hit
addresses, such that distinct keys differing in ¢ or fewer bits will hash to dif-
ferent addresses. Given n and © & n, abd gven an indeger & such that n divides
2% w1, we shall eonsiruet 8 polynomial whose degree w is a funefion of n, f, and &.
(Usually » is increased, if nesessary, so thet & can be chosen to be reasonably small.)

Let & be the smallest set of integers sueh shat [4L,2,..., 8658 saaod
(Zhmedna S for all F& 8, For example, when 1= 15, & = 4, { = § we have
Hoae 1,08, 4,8, 8 8,10, 12, %, We now define the polynomial P{z) = [Ligsle —af),
where « is an element of order n In the finite fidd GF(2%, and where the eosfliclents
of Plc) are computed i this feld. The degres m of Plr) & the number of elements
of 3. Binee o¥f is 2 root of P{r} whenever o is 5 root, ik follows that the coefficlents p;
of P} satisfy pf = py, so they are all 0 or 1.
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Prove thet if B{) = reeg™ b ook mo - 7o 18 auy nonzero polynomial
moduio 2, with at must { nonsero eoefficients, then B(2) & not a muitiple of P(z),
module 2. [F foliows that the corresponding hash funciion behaves as advertised ]

8. [M&4 {The three-distanee fheoremmy Let 8 be sn Irrational number between & znd
1, whose regular continued fraction representation in the notation of Seciion 4.53 in
= f'm;&z, : 7T f Letga = O, p0 = 1, g1 = 1, p1 = & and geqn = oege + ges,
Peal # GPrt Prel, for k22 L Let {x) denote zmed 1l = ¢ — Lzl and lep {z}+
denote £ — [z7-+ 1. As the points {8}, {287, {39}, ... are suscessively insarted into
the interval [0, 1}, let the line segments be oumbersd as they appesr in such » way
that the first segment of a given length is number §, the next 18 number 1, ete. Prove
that the following statements are all frue: Interval number s of length {4}, where
£ Pgp e gpen and O K r < gp and ks even and 0 < ¢ < gy, bes left endpoint {56}
sod right endpaing {i3 4 H& 7. Interval number & of Jesgih 1 — {6}, where { =
rgp -+ grezand 8 T v < g and Bk odd and 0 € 8 < gy, bas left emdpoing {3 4 04
and right andpoint {s6} ¥, Every positive integer = can be uniquely represented as
no= b Qpr b 8 for some B2 L, 1S S s, 9% 8 <. In terms of this
rapresentation, just befors the point [(#6) is Inserted the & intervals pregent are

the fivgd ¢ intervale numbered 0, .. ., 5 — 1} of length {(—1*(rg b gu_q 8}
the first w — g, intervals (numbered 0, ..., % — g — 1} of length {{ D¥nét;

the last ¢, — ¢ intervals (uwnberad 5, ..., g — 1) of length
{{=1%0 — Vg + 08}

The operation of insersing {n8} removes interval number & of the latter type snd
convarts 1t inde interval number 2 of the fust type, number % — ¢: of the seeond Sype.

8. [MB30} When we successively insert the points {8}, {26}, ... inte the interval
0, 1}, Theorem 8 asserts that esch new poind slweys bresks up one of the largest
remaining intervals, If the interval [g, o] ks thereby broken info two parts {e, 8], [5, 4],
we may call 16 a bad Break if one of these parts i move than twice as long as the other,
e ifb—a>2—8orc— 8> 20 —al.

Prove that bad bresks will cesur {or some {nf} unless fmod I = ¢~F or ¢%;
snd the latter vaues of 8 never produes bad bresks,
i IM48] (Bo L. Grabam) Prova or disprove the following 3d distance conjecture:
I8 8, e, . .., ca e renl numbers with o = 8, and if w1, . .., 7g are positive Integers,
and it the points {nf 4 &) are jusarted into the intervel 10, 1] for £ < 0 < my
1= 3 < 4, the resulting ny 4 - - - + e {possibly empty) intervals have at most 34
different lengihs.
i1, {14] Successful searches are usually move freguent than unsuecessfnl ones. Waould
it therefore bo & good iden to interchange Hues 1313 of Program 0 with lines 10-117

» 32, [27] Show that Program C can be rewritien so that there ie only one conditional
fump mstruction in the inner lonp, Compare the running tims of the modified program
with the original.

»13. {241 (Abbrevinted beys) Let h(K) be a hash function, and et g(K} be s funetion
of K such that X can be determined onoe AK) and ¢(K) are given, For sxample, in
Givision hashing we may let A{K) = K mod 3 and ¢(K) = LE/M 1 in multiphicetive
hashing we may let A{A) be the leading bits of {AK/w) mod I, and ¢{I) can be the
other bits,
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Show that when shaining 38 used withoub overlapping ligts, we need only shore
(K imstend of B in eaeh record. {This almost saves the spaes needed for the Hnk
fialds.} Modify Algorithm C so shat it allows such abbreviated keys hy aveiding over-
lapplug Hats, yet uses no avxiliary storage leeations for “svedfow” recorda.

14, {#24] (E. W. Fleock) Bhow thab it is possible to lob & large sediter table share
wmempry with any mumber of other linked liste. Let every word of the list area have o
2.1k TAG feld, with the following interpretation:

TAG{P} = 0 indicates & word in tha Hst of available space; LINK{P] points io
the next available word.

TAG{P} = 1 indicates any word in nse that s not part of the seatber table; the
other fields of this word may have any desired format,

TAGIP} = 2 indicates a2 word in the seatter table; LINK(P) pointe to snether
word, Whenever we are processing a list that i nob part of the seatter
table and we aceess & word with TABIPY = 2, we are suppesad to sei
P oo LINK{P} until reaching a word with TAGIF) € 1. (For effclency
we might alag then change one of the prior links so that i will net be
rietasgary to skip over the same scatber table enfrion again and again.)

Show how 1o define suitable slgorithms for inserving and retrisving keys from such &
sombined table assuming that words with TAG({F) = 2 alte have another lnk field
AUK{PH

15, [16] Why B it & good idea for Algortthm L and Algorithm D) to signal overflow
when N = M — 1 instead of when ¥ = M7

16. [10] Program L seys thet K should not be serc, Dut dossn't it setusily work
even wher K is zero?

17. {5 Why not simply define k() = AR in (25), when h: (K # 07

» 18, [211 1= (31} bebter or worse bhan (30}, as a substitute for lines 10-13 of Program

¥ Give your asswer on the basis of tho average values of 4, 81, and .
19, [40} Bmpirically test the effect of restrieting the range of ke{X} in Algorithm D,
so that {a) 1 S ha{Ei L rforr=1H2, 8 ...,10; (b)) 15 AEY < plf far p =
28, [M25) (R Hrutar) Change Algorithm D as {ollows, aveiding the hash function
RalK) 1 In atep D3, set ¢ o O; and at the beglaming of step 14, set ¢ e~ 1. Prove
that it 3 = 2=, the correspending probe sequence by (KD, (k) — Tmod M, .. .,
() — (Y med A7 will e a permutation of 0,1, ., 4 — 1}, When this
method is programmed for MIX, how decs it eompare with the three programs o
stdered in Fig, 42, assurning that the behavior Is like random probing with secondary
clustering?

» 2L [20] Buppose that we wish to deleta a record from o teble consbrusted by Alge-
rithm T3, marking it “deleted” as suggested in the text. Should we also decresse the
variable ¥ which is used to govern Algorithm DY
22, {#7] Prove that Algerithin R leaves the toble exsetly as it would have been #f
KEYE] had never been msorted in the first pince.

w23, {257 Diesign an algorithm analogous to Algerithm B, for defetiug entries from a
chained seatter tabie that has been constructed by Alzorithm O

GN 00782



8.4 . ) FABIING 545

a4, [M20] Buppose that the sef of ofl possible Keys thei can ecour has M P elements,
where exactly P keys hash to a given address. (I praetical cases. P is very large: e.g.
if the keys are erbityary 10-digit numbers and f M = 109, we bave P = 10%) Assume
that B 22 ¥ and N = 7. If seven distinet keys are selected s random from the set
of afl possible keys, what is the exast probability thet the hash sequence 1 26 21 6 1
will be obtained {i.e, that MK} = 1, h{Kz} = %, ..., ME7) = 1}, as 5 function of
M and P?

25, [M14] Explain why Eq. {39) is true.

26. {#20] How many hash sequences a; ag . . . gy yield the pattarn of ccoupled cells
{21}, uzing iinear probing?

27, Laa?] Complete the proof of Theerem K, [Hint: Let

st 2, 4} = E (z) (o4 B Py e By )

kizg

use Abel's binemisl theorers, Bg. 1.2.6-16, to prove that sin, 2,4} = 2fz -} )"
agim = 1, ok 1,4 — 13}

28, [M80] In the old days whaa eomputers wers auch slower than they are now, it
was possible fo wabteh the Hehts Bushing and see bow fast Algorbhm L was running.
Wher the table began to 8l up, some entries would be procassed vory guickly, while
others took 4 grest deal of stme.

‘This axperience suggests that the standard deviation of Oy is rather high, when

lineur probing is used. Find s formuls which expresses the variance in terms of the
@, functions defined in Theorom K, wnd estimote the varisnee when ¥ = o as
M,
29, [M81) (The parking problsm.) A cerfain one-way stveel has m parking spaoes
in & row, nwmbered 1 shrough wm. A man snd his doing wife drive by, and suddenly
she wakes up and orders him te park immediately. He dutifully parks at the first
available space; but if there are no places left that be can get to without backing up
{i.e., if his wife awoke when the car approached space &, butspaces &, k- 1, ..., m
are ali fulll, he expresmes his regrets and drives an

Suppase, in faet, that this happens for » different eary, whare the jth wife wakes
up Just e fme fo park ab space a; In how maby of the seqpences a1 . . . &, will all
of the cars get safely parked, assuming thai the sbreei is initially empty and thai
nobody leaves after parking? For oxample, when m = 1 = 6 and gy ... 0p =
31415692605, the cars get parked ax follows:

SED CED S 30 O3 L0 8D L300 L8

[Hinf: Use the analysis of linear probing.]

38, [§f28) {John Riordan) When n = m in the parking problam of exercise 2%,
show thet all cars get parked if and onlby i {here exists & permutation 01 pa. .. Bn of
{1,2,..., %} sueh that a; < pyfor all 4.

31, [340] When n = m In the parking problem of exereise 26, the number of solu-
tions turns eut to be {n -+ 1371 and from exercise 2.8.4.4-22 we know this is the same
a3 the number of free trees on w4 1 lnbeled vertices! Find an interesting connecbion
hetween parking sequences and irees.
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32, [A726] Prove that the sysfem of equations {447 has & unigue selution
{te, 01, . . ., Sar.g), Whenever bo, Py, .. ., Bir..r fire nonnegative integers whose sum s
less than 3F, Design ap algorithon which finds that selndion,

» 33, [M23) Explain why (51} is only an spproximation fo the true average number of
probes made by Algorithm L. [What was there about the derivation of {51) that
wasn't rigorously exact?]

» 54, [M22] The purpose of this exercies is fa nvestigate the sverage number of probes
in B chained scauter table when the lists are kept sepurate se in Fig. 38, {a) What i
Fos, the probability that & given Hst has length &, when the 3V hash sequences (85)
are equally likely? (&) Find the generating function Prle} = Yane Paw® (67 Express
the sverage number of probes for suecessfil and vnsncenssful search in terms of this
gensrating function. {Asgume that an wnsuecessful geareh in & liet of length k requires
kb ol 5;,;{} pmbt}a.} ’

35. (M2} Centincing exerelse 34, what s the average number of probes in an un-
successiul search when the individusl Hsts are kepd in order by their key values?

36, (A28 Find the varianve of (18}, the number of probes in separate chaining
when the seareh iz unsticeesaful

» X7, (3291 Find the vartance of {19) the nuwber of probes in separate chaining when
the search s successfal,

38, [338) (Tree hushing.) A clever programmer smight 4ry o use binary search trees
instead of linear lists in the chaining methed, thereby combining Algorithm 6,227
with hashing. Anaiyze the average number of probey that wenld be required by this
compound algorithm, for hoth saesessidd and onsuecessful searshes, [Hwnd: UL Eaq,
B21-11.]

39, [M&7 The purpose of this exercise is to analyre the average mumber of probes In
Algorithn 0 fchaining with coslescing biste). Lot olks, k2, ks, . . .} ba the nomber of
hash sequences (35} that esuse Algorithm € to form exaotly &y lsts of length 1, kg

of length 2, ote., whan &y« Zko + ks 4+ -+ = N. ¥Find a recarrence relntion which
defines these numbers o(ky, ks, &g, .. ), and use it 5o deteremine a sivaple formula for
the =um

S o s (;) Epelhy, bz, .. ).
izl
Ky By eV

How is Sy related to the number of probes in an unsucessstul seareh by Algorithm CF
468, {335 Find the variance of (13}, the nurobar af nrobes used by Algorfthm C in
an. unsacesssiul search.
41. 346} Anslyse Ty, the average wumber of fimes B is deoreasad by 1 when the
(N -} 1)at item s being inserted by Algorithm €,

»432, (e Darlve {17},
43, [M4#] Analyse a modifieation of Algorithm € that uses o table of size " > M.
Ouly the first 3 locations mre used for hashing, so the first M7 - M emply nodes found
in step CF wiil be in the extra lossions of the table. For fived 37 what shoiec of M
in the range 1 < 4 < M7 Juads to the best nerformance?
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44, (348} {Bandom prabing with secondary cluataring.) The objeet of this exercise s
to determine the expacted number of probes in the open addressing scheme with
probe sequence

W), (A(E) - p1) mod 3, (R(E) + pa) mod B, .., (A(K) - par_ 1) mod &,

where 11 %2 ... Bw_1 & & randomly chosen permutasion of {1,2,..., M — I} thas
depends on A(K}. In other words, all keys with the same value of A(K) Iollow the
same probe sequence, and the (M — 1} pousible choices of 3 probe senuences with
this property are egusily likely.

This sHuation can be acourately modeled by the following sxperimental proeedure
performed on an initially empty Hnear array of size m. Do the follawing operation
5 times:

With probability o, ccoupy the lefimest empty position, Otherwise {Le., with
probabifity ¢ = 1 — p), selest any table position except the ane at the extreme
laft, with each of these m — 1 positions equaily Lkely. If the selocted position s
empty, pocupy i) otherwise select uay empty position (including the leftmost)
and ooeupy it, considering each of the empty positions syusily Lkely,

For example when m = 5 and » = 3, the arvay configuration after the above experi-
ment will be {oreupied, oceupied, empty, ocoupied, emply) with probabilify

v5raay -+ ey - depe -+ Hhoap + wppe-t dear+ dgvp.

{This procedure ecrresponds to randem probing with secendary clustering, when
p = 1/m, since we cax rexamber the table antries 8o that a partisular probe saquence
is 0,1, 2, ... and all the others are randon.)

Find a formula for the average number of occupied positions st the left of the
array {iLe., 2 in the above example). Alse find the ssymplotie value of this guantity
whenp = 1/m, n = alm+ D, andm— e,

45, [M 48 Bolve the analog of exercise 44 with lerfinry ouetéring, when the probe
sequence begins Ra(K), ((Ba(K) - BotE)} mod M, and the suscesding probes are
randemnly chosen depending only on hy{K) snd he(K}. (Thas the (3 — g)pre—b
possible choises of MM ~ 1} probe sequences with this property sre considered to
be equully Ykely.} Is this prosedure ssymptoticnlly eguivalent ty uniform probing?
46, 1M48] Determine € and Oy for the opan addressing raethod which uses the
probe sequence

RES 0,5, ..., ME) S TR0 O O Ry B

47, [Me5] Find the avarage number of probes nesded by apen addressing when the
probe sequence is

WMEY, B(Ey — 3, WKy L ME) — 28K -+ 2 ...
"This probe sequence was ence suggested hecause all the distances between cousective

probes are distinet when Af is even. [Hini: Pind the trick and this pro blem is easy.]

»48. [M2i} Analyze the open sddressing recthod that probes locations Ay (), ke(K),
hstED, . .., given an infinite sequence of mutually independent random hash functisns
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k(K. Notethat it is possible to probe the same location twics, e if ki{H) = A{K),
but this is rather unlikely.

48, [HM24 Generalizing exercize 34 to the case of b records per bueket, determine
the average number of probes (Le., file scoesses) O and O, for chaining with separate
lists, assuming that a Hat containing & elements requires max(l, & — & -+ 17 probes in an
ansueeessful search, Instead of using the exnet probability Py a5 in exercise 84, uge
the Povsson appromimalion

LATERY 1,1””‘AN%..N%M(!_i)“’(l_L)”"a
EINM Fii) M OM M M Af it

g
(1 0w /A),

which is valic for ¥ = oM and b < VM as M — . )

50. [M20] Show that Qu(M, N) = M — (M ~ ¥ — D@e(M, ), in the notation of
(45). [Hint: Prove first that Q (M, ¥) = (N -+ DM, N) — NGelM, N — 1}]

51. [HM16) Bapress the lunction Rie, u) defined in {58) in terms of the function Qg
defined in {42),

52. (HM#3 Prove that QolM, N} = fp =1L+ /My db.

538, [HM2 Prove that ihe {enciion R{e n) esn be expressed in ferms of the In-
corepiete gamma function, and use the result of exercise 1.2.11.3-8 o find the asymp-
totic velue of Bz, u) to O(n~%) a3 n—+ w0, for fixed & < 1.

54, {40] Experiment with the behavior of Algerithin C when it has been adapted to
axtorna] searching ns deseribed in the fext.

33, [HM.L8 Generalize the Schay-Spruth model, discussed after Thesrem P to the
onsa of M buckets of size b, Prove that C(2) & enual to @)/ (B0} - 27, where Q{2
in polynomial of degree b and Q1) = 0. Show that the aversgs number of pr{}bef; is

M., 4 I i 1 B3} - b(h - 1)
Hb“i\?cm“175(3.%*”‘*3“%“1_5 By =5 )

where g1, . . ., g5z are the roots of §{zi/(z — 1}. Replacing the binomial probahitity
distribution. B{z) by the Poisson approzimaiion Pl = 01 ghere o = N/Mb,
and using Legrangs’s inversion formuls (of, Bo, 2.8.4.4-8 and exercise 4.7-8), reduce
your answer to Hg. (61},

56, A 48] Generslize Theovem K, obtaining an exaet snalysis of linesr probing with
buckets of size &,

57. [A47] Dioes the uniform assignment of probabiliiies to probe seguences give
the minimum velue of O, over &l open addressing methoda?

58. [M21] (B, O Johnson.) Find ten permutations on {6, 1, 2, 3, 4} that are equiv-
alent $o uniform hashing in the senge of Theorem ¥,

59, [A125] Prove that if an assigwment of probabilities 1o permutations is equivalent
to uniform hashing, in the sense of Theorem U, the number of permutations wish
nongero probabilities excesds 37 for any fized exponent ¢, when 3 is sufficiently large.
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68, [M48] Let us say that an open addressing schemz invelves single Aashing if it
wses exnetly A7 probe sequences, one beginning with esch possible value of A{K), each
of which oceure with probability 1/,

Are the best singls-hashing schames (in the sense of minimum Oy} ssymptobieally
better than the random ones analyzed in exercise 447

61, [A4046] I= the method analyied in svercize 46 the worst possible single-hashing
scheame? (Cf. exervise 60.)

62, [&f49] How good cam o single-hashing scheme be when the increments
B Pa. .. par_1 it the potation of exercise 43 are fived forall A7 (Examples of such
methods are Hoeay probing and the sequenses considered In exereises 20 and 47.)

63. [3425] 10 repested random insertions and deletions sre made o o seatter tuble,
how many mdependent msertiohs are needed on the aversge before all M locations
have hesome cecupied a0 one time or another?

64, [MEF) Analyre the sxpested bebavior of Algorithm B How meny times will
atap B4 be performed, on the aversge?

» 65, [20] (Verieblelongth keya) Many spplicstions of seatter tebles deal with keys
that can be any number of charsciers long. In mich chses we can’t simply siore the
key i the table a3 in the programs of this settion, What wonid be a pond way to
deal with varisble-lengih kove in a seatier tabie on the MIX exsoputer?

66, [251 {Ole Amble Is it possible to insert keys inko an open hash table making use
alse of their numeries! or aiphabetic erder, so that o search with Algorithm L o
Algorithm D is Enown to be unshecensful whenever s key smeller than tha search
argniment i encountersd?

HASH, %, There is no definition

for His word -

nobody knows what hash is.

—AMBROSE BIERCE {The Devil™s Dictionary, 1906}

g

GN 00788



