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1. General Discussion

Everyone with some experience of research work knows
the value of the bibliographical references that customarily
appear in periodicals and books. These aids are especially
important to a scholar who seeks orientation in a field which
is new to hims.

Normally, it is comparatively easy to find some few
articles about the field of interest, and it is easier still to
find a book which gives a survey of the field. By aid of the
references found in these articles or books, it is usually
possible to retrieve other articles, where a more detailed
treatment is given of the subject. Now again, in these articles
one may get further hints from the bibliographical references
contained in them, and so forth. This kind of successive search~
ing ~ which is, in fact, the recognized retrieval procedure in
practical research work - does yield the necessary basic
literature for a research project in a surprisingly large number
of cases.

The reason for this procedure to be so successful is that
there are generally relevant connections between an article and
the literature it refers to. After all, the author himself mostly
draws up the list of references for his article, i.e., the author
states what articles he found most useful for the purpoese, and it
is reasonable to expect the author to be a better judge than any-
body else as to what literature is most closely connected with
his own article.

The procedure, however, has one obvious drawback: the
references indicate only literature older than the article under
inspection. Only exceptionally do authors refer to articles not
yet published. The research worker may, however, be more
anxious o learn about the recent development of the field than
in obtaining a historical survey. That is why "inverse reference
lists' - or "citation indexes'' as they are often called - have
recently been suggested, i.e., lists where for each article are
tabulated all later articles referring to it, Such inverse lists,

naturally, must be cumulative,



Inverse reference lists are now being published with the
support oi the U.5. Nationai Science ¥oundation. One may note
how great an importance the "Weinberg Committee"l) attaches
to these experiments. In the summary of its recommendations
the committee states:

The panel wishes to call the attention of the technical

community to a promising new method of access to the

literature called the citation index: a cumulative list

of articles that, subsequent to the appearence of the

original article, refer to that article.

No doubt, citation indexes will become important tools
for manual information retrieval, especially if used in combi-
nation with the customary reference lists. Thus, the scholar
may even by zig-zag manceuvres find his way from an article
to literature that appeared simultaneously with the first v
article.

It is now natural to try to design a similar method also
for mechanized information retrieval. We shall here suggest
such a mechanized procedure where, starting with a number
of known articles - the so called "base'' - a set of articles is
retrieved which, on the evidence of the mutual references
between articles, can be expected to be closely connected with
the base; of course, we suppose that all references given in
the articles in the library have been stored in a computer.
Given a set of articles - the "base', supplied by the scholar or
a librarian - our retrieval method is supposed to measure the
"connections' or "association' between each article in the
library and the articles in the base. The articles which then
get the highest scores are then accepted as retrieval sugges-
tions. (Naturally, out of these the scholar or the librarian
may select a set of "close hits" to serve a- -a new-'base in a sub-
sequent computer run. )

In section Z below we shall state some very general re-
quirements how such a '""measure of associations' should behave,
and in section 3 we suggest a specific measure which fulfils
those general conditions. This measure is then mathema-

tically treated in section 4.

1)

The President’s Science Advisory Committee, “"Science,

Government and Information", The V hite House, January 1963.



2. General Requirements of Measures of Association between

Articles

In order te discuss adequate measures of the connection
between articles, let us first summarize the relevant features
of the library. Every article generally contains scme referen-
ces to articles within the same field and perhaps also some to _
articles in neighbouring fields. If the article A refers to the
article B, we may say that there ic an arrow from A pointing
at B. Let us suppose that the articie A points at the articles
Bl’ BZ, .o e, Bn, These, then, are the articles mentioned in
the reference list of A. Further let us assume that the articles
Cl’ CZ’ ey, Cm each point at a. They are, thus, the ones we
would find in a citation index under A. We might imagine A as

a spider in its web:

<

B

Naturally, the articles Bi and C., in their turn, are
o
spiders in their webs. The set of articles and the arrows be-

tween them will form an utterly complicated topological network:
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We now say that two articies are {directly) connected if

there is an arrow from A pointi

at B or vice versa. We say

a chain of articles

Cl’ 21 e C_, oo that A iz connectad with CI, CT is connected
4 o
with C, and so on until finaliv ¢ is connected with B.
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The general idea Lehind our sugpesiion is now that it should

(%]

be possible to define a numerical measure which indicates a

degree of connection (or degree of association) between articles

so that, e.g., directly connected articles are considered to be
more closely associated than indirectly connected articles and
so on. To be more specific, we require that a measure should
fulfil the following two conditions:

1. articles connected by a chain censisting of many links should,
ceteris paribus, be weaker associated with each other than those
connected by a chain of f2w steps.

2. Articles connected by many chains should, ceteris paribus,
be stronger associated than those connecied by few chains.

&

Opticnallv, the measuse sh on the directions

of the anrows 1 the chairs .

Given such a numerical meas - in section 3 and 4 below

we shall define onc - the {oiicwing ceems to be an effective re-

trieval procedure.

The scholar arrvitrarily assigns numbers to a set of

articles (the "base')}, tt
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3. &4 Measure of Association

Une may now ask if there exists any simple method to define
such a measure of associations which fulfils the general conditions
land 2 of section 2. The answer is that there do exist several
such methods, and we give here what seems to be. the simplest one.
The proposed measure is one among many others; we have chosen
to work out this specific model thoroughly because it vields a
numerically simple, programmable algorithm for finding the de-
gree of association between the articles, and because it has a very
clear physical analogue, which makes it possible also for a person
without a mathematical background to follow the discussion. Thus,
the proposed procedure can be made clearer by the aid of the
following physical analogy of the structure of articles and arrows.

Let us imagine that the articles are solid particles of some
kind, connected by, say, iron rods, thus forming a structure not
unlike a modern iron sculpture. Let us assume that there are
heat sources, constantly yielding heat to some of the solid part-
icles, the "base''. This neat is distributed accoerding to normal
physical principles: thus, e.g., neat transmitted from one particle
to another will be lost to the first. We also assume that there are
constant losses of heat through radiation to the environment. Con-
sequently, an equilibrium will be reached after some time, when
the heatv losses total up to the same amount as the heat produced
by the heat sources. When this equilibrium has been arrived at,
the sculpture will, on an average, be cooler farther away from the
base. When the system has reached equilibrium, the hottest nodes
represent the articles most closely connected with the base, and
an enumeration of these will form the output of this information
retrieval system.

The physical model just described, however, is not Juite
adeguate for the present burpose. In the model actually used -
cf. below, section 4 - the "rods' between the articles behave like
semi-conductors, which generally conduct heat better in one di-
rection than in the other. In addition - and this is essential -
we introduce a possibility of influencing the Permeability constants,
that is to say the heat conducting capacity of the arrows. Thus,
the searcher may choose a high permeability constant in the

n
forward direction and a low permeability in the backward direction.
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This will mean that the retrieval will be concentrated on later
literature. In the opposiie case, the list of articles recommend-
ed will have a character of historical survey. Again, one may
choose both constants small but prescribe very high losses by
radiation. The computer then suggests articles within a narrow
field close to the basic set. Finally, if we put the permea:bili'ty
constant high in both directions and prescribe small amount of
radiation, the computer will associate rather freely from article
to article.

This possibility of influencing the computer's way of
associating by the change of certain parameters can give the in-
formation retrieval the form of a game between the scholar and
the computer. He can give the computer more or less free
reins till he finds something which seems to be interesting. He
may then change the parameters so that the computer thereafter
pProceeds more restrictively.

Naturally, to stimulate such a game between man and
machine, it is necessary to arrange for faster feed-back than
in to-day's computer systems. The optimal, of course, is to
let man and machine work on line with each other via an optical
display. This is technically feasible to-day, though discourag-
ingly expensive.

We now turn to the mathematical formulation of an algorithm
for computation of association measures and a discussion of the

conditions for its application.

4. Mathematical Treatment

We begin by assuming that we have a "library", consisting
of a (usually great) number of articles, AL, AZ’ A3, «eo ) the
enumeration is as far as we are concerned arbitrary. For each
of these articles there are certain other articles (usually com-
paratively few in number) which the first one is ""pointing at’,

i.e., these articles are found in the article’ s reference list.
2

If the article Ai refers to the article nJ we denote this by

VA o,
1 J



We now introduce the concept of M'time'", i, a parameter

e

which we assume to have its range in the non-negative real
numbers, and for each i a real-valued function of t, ai(t), called

the "temperature" of the article A. at the time t. We also
i =

assume that for eachi=1, 2, ... we have a fix non-negative
number i called the reguiating temperature for the article'Ai;

for convenience, we use a terminology borrowed from the field
of thermodynamics, which is likely to be well-known to many
readers. Those - comparatively few - articles for which the
regulating temperature is different from zero constitute the base.
Now we introduce the following nypotheses on the heat
transfer between the articles: The amount of heat transferred
between two articles connected by an arrow during a (short)
period of time is proportional to the difference between the
temperatures of the two articles and to the termal conductivity
of the "arrow'" in the direction of the flow. The heat energy is
always transported from an article with higher temperature to

1)

has a "gain'" of heat energy which is proportional to the diffe-

one with lower temperature. «:t the same time each article
rence between its regulating temperature and its actual tempera-
ture. In the normal case all temperatures considered are
positive. Thus, outside the base the "gain' is in fact a loss, as
the regulating temperatures for those articles are all zero.

Wwith these hypotheses it is now quite easy to give the exact
form of an eguation which governs the heat flow in our library.
If we know the temperature, ai(t), for an article at an instant t
we can compute the approximate temperature at the time (t + At).

Thus,
a, (t + at) = ai(t) + At {u [bi - ai(t) 11 +

T <
toatea{ofal) - al)] Ll (a (0 - 2. (1734
j J k 1 -

Al D

A 2L L) -0 1 4 L - a0 17,

1)

One may (as we, in fact, have done, though not here) also assume
that there is a kind of energy amplification at eich node, i.e. , the
energy-loss at a node is less than the tofal amount of energy
transferred to the neighbours.
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With tne aid of formula (1) we are able to compute the tempera-
tures for all the articles in the library at any instant when we

know the heat distribution a shert time before. Thus starting

b
by

ith 2 given heat distribution at the time t = 0 (when,we may
assume, all the articles have tne temperature zerocj, we may
recursively compute the temperatures at closely separated times
tl’ tZ’ e, ‘Ll " and so on. The problem now is whether the
temperature stabilizes when t converges to infinity, and if so,
(Theoreme 3, below), we are interested in what this equilibrium
distribution may be (eq. (5) below).

In this paper we do not aim at resolving the intricate
questions about the existence and the uniqueness of an equili-
brium distribution of the guasi-linear difference scheme (1).
However, one can get qguite a good view on the general behaviour
of a final state distribution by inve stigating in greater detail the
more simple case where @ = B. In that case (1) reduces to an
ordinary linear difference equation, which can be treated by more
standard manipulations. We state without proof that tne results
in this paper are tc a large extent valid also for the most general
case of (1).

Thus, assuming that o = B in (1), this equation reduces to

di(i + At) = 3i(t) + At {u [bi - ai(t) 11+

+Ata'{L[:ijft) -aft)y ]}, i=1, 2, ..., N.

=k
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(3)

(4)

# denote the matrix with as many rows and columns as
we have articles in the library and wita its elements é.k equal to

i
1 for those i and k for which ”Ai ~ A " and with all other elements

a2

egqual to zero. We dencte the transnose of A by A%, (With a
mathematical terminoclegy we may say thet the matrix 4 represents
the '"graph'' of the information in the list of refer:nces correspon-
ding to the articles of our library and that o " represents the grapn
of the information in the citation index.) ‘We introduce two other
matrices, B and C, which both are diagonal. B has its i:th ele—
ment in the diagonal equal to the number of arrows from the
article A and C has the corresponding element equal to the number
of arrows pointing towards Ai‘ Finally we define the following two

vectors, a(t) and b as

()] b

1
a, (t) b2
a(t) = ag (t) and b = b3

With these notations the equation (2) can be rewritten as

a(t + at) = a(t) + At { ub+ (0 a”- uE)a(t) 1,

3t

where the matrix A is equal to (A + A% -

tri

- C).

In the equation (3) we may shift the first term on the right
hand over to the left hand side, divide by At and then let At tend to
zero. The difference equation (3) is then transformed into the

following differential equation (with 2 vector function a(t) as un-
known):

d aft)

3 = pb+ (@Aa’- pE)alt)

(£ denotes the unit matrix).
The sclution of (4) is the vector function alt) = (WE - a» ')-lb +

+exp {{ea” - pe)t )} - c. (The vector ¢ is depending on what value
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we give the function a(t) for t= 0. For instance, if 2{0) = 9, we
have ¢ = (¢A7- pE}) " - b.) As is shown below the eigenvalues
of the matrix (¢ A” - uE) are all negative when p > 0, whence the
solution of (4) converges (as we wanted it to do) exponentially to
a steady state solution.

afe) = (uE - @a”)! . b
This is the expected equilibrium distribution of temperature in
our library, and the articles corresponding to the largest ele-
ment of a {») are those which are to be presented as retrieval
suggestions.

In computer applications it is of course very unpractical
to define the equilibrium distribution explicitly as in {5), since
the matrix to be inversed in this formula is of a very large order
(in 2 more ambitious information retrieval project the order
even may exceed one million). Instead we note that a(=) also

may be defined as the solution x of the (linear) equation
(WE ~aa”) x = ub

The problem is now to obtain an approximate solution of this
equation. Before proceeding, though, we want to show that the
solution of equation (4) really converges to steady state solution
and that this solution also is given by (6). This follows immedate-
iy from Theorem 1 below. We also show that this eqguilibrium
distribution behaves as we expect from a real heat distribution.

(Theorem 2).

Theorem 1. The eigenvalues of the matrix A are all non-positive
(A7is the matrix defined in equation (3) above).
Proof. Let o be an eigenvalue for the matrix A~ and let x
be a corresponding eigenvector, i.e., x is a2 solution for
the eguation A% = gx. In coordinate form this equation may

be written as

Z/xj—x)zcxi i=1,2, ..., N
J



(8)

s

For each i the sum is extended over j’s in a subset of the
numbers 1, 2, ..., N. Now assume that ¢ > 0 and that

*; = max {xk} - M x, >0, then the right hand side of (7) is

> 0 but the left hand side is < 0 {(because all terms are non-
Positive). Thus max {xk} < 0. In the same way it follows
that min {XK} 2 0 if ¢ is assumed toc be > 0. But it is imposs-~
ible that max {Xk} < 0 £ min {xk} if not all ‘xk = 0. 'Ihus any
eigenvalue of the matrix A~ is non-positive.

Theorem 2. Assume that b = (bl, bZ’ ., bN)* # 0is a vector
and that bk 20, k=1, 2, ..., N, and assume that x = (xl, X5

ceay XN)* is the solution of the equation (6). Then %, 2 0 for
k=1, 2, ..., N, mRx {xi} < mlax {bi} and max {xi} is assumed
. i

for an i such that bil >0.

Proof. Equation (6) may be rewritten as

i (b,

. }ci)*kczi(xj - Xi) =0 i=1,2, ..., N (¢>0, p=20)

where for each i the sum is extended over j’s in a subset

(different for each i) of the indices 1, 2, ..., N.

Now assume that x; is the largest one of the x’s. If Xi>bi’
then the term p (bi - xi) is negative and all other terms in
(8) are non-positive (as x; 2 x; for all j) and so the total sum
cannot be equal to zero. Thus, x; cannot be > bi' For
similar reasons, the corresponding bi cannot be = 0, nor can
the smallest of the x“s be < 0. (Note that the largest of the
x’s must be > 0, for we have assumed that there exists at
least one bi/é 0.)

It is quite easy to see that the theorem above is valid also

for an equilibrium solution of (1).

We now turn to the question how to solve the equation (6)
numerically. An approximate solution of this equation can be
obtained in muany different ways. In general, approximate solu-
tions to linear equations are very difficult to compute, if the
number of unknowns is large. Zven the fustest computers cannot
in a reasonable lapse of time sclve linear equations with more

than some thousand unknown variables, when ine constants in the



Yot
N
e

12

equations are arbitrary. In our equation {7), however, we are
lucky to have a very special kind of matrix which makes the
situation more hopeful. The matrix in {7) is generally extremely
"sparce'’, i.e., almost all elements except a comparatively small
number of elements are equal tc zero. _

In searching for a procedure to solve the equation (6) nume-
rically it is very natural to take the iterative process implied by
(3) as a starting point. We have not investigated other procedures,
but a small-scale test on the Swedish BESK computer shows that
(3) yields quite convenient algorithms.

The next thecrem gives necessary and sufficient conditions

for the iteration to converge.

Theorem 3. Let a{n) be a vector recursively defined by

a(n +1) = aln) + at {ub + (@a”-uE)aln)}; n=0,1, .....

where a(0) is given and At, o and b are positive constants. (A7 is
the matrix defined in equation (3).) The sequence a{n), n =1, 2,

»++.. COnverges when

At{p+20m]} <1,

m 1s defined as the largest number of arrows attached to any
single article (irrespective of their direction). The convergence

is optimal when
At (uw+ om) = 1.

Froof. Let a(») be the solution of eguation (6), (i.e., the
steady state solution). Diefine the vector an) by 2(n) =
a(=) + a21n). Introducing this into (9) we get the following
recursive formula for tae vector a4 ”(n)

a’in+ 1) = 27(n) + At [an” - u ] a’(n).
In ceoordinate form this formula may be rewritien as

-
AY
a{n+ 1) = [1-at(p+ czml\ ]:-.i (n) + At - ozLaj’ (n);



Again the sum is extended over J in a subset of the indices

5

GIn.

[}

1, 2, ..., N. m. is the number of terms in that
? i

Now, if we assume that [1 - At(p + @m) ]2 0, we irmmedi-
<

]
ately get from (12) that (note that m; m)

2/ (4 [ @ -at- ) - max { a7 (@) |}

Otherwise we get the following estimate
| ai’(n+l) | < [at - (2 am+p) -17 " maxi ]ai’(n) | 3

From this last inequality it follows that the mappingl)

x = {2+ 2t {0a” - pug) }x, x realvalued vector, is a con-
traction when the inequality (10) is fulfilled. From (13) it
follows that the contraction is as large as possible when

(11) is fulfilled. Thus the theorem is proved.

1)

& mapping x ~ T(x) from one Banach space to another is

called a contraction if an inequality of the type

[l Tx) || <C - | x ||, where C is a constant < 1,
is fulfilled. In ocur case we have a linear transform from RN
to RN’ and we have employed the maximum norm as norm in
R

N



